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�������� 

	,-�$ #8  (9-52 !�!)( �.01#2 +(!)�$ '(/�)5 !%�3#(�#!)�    �/�(!)#  5!�"� ��4)-�$ 

6��")'�6-�'��)#"# # 6��")'�)�2-#"# . �.�)!. #8&+�-#� 6��")'�7#8#+�!"#2  %'�3�!!� , %'�)�-

"(01#2   &!)(-� "(2  5!�"��� -(%'.9�-#.. 	,-#* #8 #-!)'&*�-)�  )("��� #!!��,� (-#. . -

�.�)!. *()�*()#+�!"�� *�,��#'� (-#� 7#8#+�!"#2 %'�3�!!� . � !�+�)(-## ! 6"!%�'#*�-)(�4-

-5* #!!��,� (-#�* �-� ,(�)  �8*�9-�!)4 /���� ,�)(�4-� #8&+#)4 %'�)�"(01#�   �/�'&,� (-

-## %'�3�!!5 #, )�* !(*5*, !�8,(�) %'�,%�!5�"# !�8,(-#. /���� 677�")# -52  5!�"� ��4)-

-52 &!)'�$!) . ��6)�*& "&'! «�()�*()#+�!"�� *�,��#'� (-#�» . �.�)!.  (9-�$ !�!)( -�$ 

+(!)40 %�,��)� "# #-9�-�'�  %� !%�3#(�4-�!)# «�5!�"� ��4)-5� 6��")'�6-�'��)#"( # 6��"-

)'�)�2-#"(». 


�(��,('. & ��#+�-#0 %'�#8 �,#)��4-�!)# !� '�*�--�$  5+#!�#)��4-�$ )�2-#"# # %�-

 5:�-#0 �� ,�!)&%-�!)# ,�. !)&,�-)�  -( "(7�,'� ���� ��� (��), �)"'5 (�)!. '�(�4-(. 

 �8*�9-�!)4 -� )��4"� �! ��-#. )��'## *()�*()#+�!"��� *�,��#'� (-#., -� #  5'(/�)"# -(-

 5"�  %'#*�-�-#. #8&+(�*52 *�)�,�  " '�:�-#0 -�"�)�'52 %'(")#+�!"# 8-(+#*52 8(,(+.  

� ,(--�* &+�/-�* %�!�/## %'�,!)( ��- "'()"#$ "�-!%�") ��"3#$ %� "&'!& «�()�*()#+�-

!"�� *�,��#'� (-#�», %�! .1�--52 #8&+�-#0 6��*�-)('-52 +#!��--52 *�)�,�  '�:�-#. -�-

�#-�$-52 &'( -�-#$ # #2 !#!)�*, '�:�-#. �%)#*#8(3#�--52 8(,(+ (8(,(+ *()�*()#+�!"��� 

%'��'(**#'� (-#.), 8(,(+ #-)�'%��.3## # !��(9# (-#. 7&-"3#$,  5+#!��-#. �%'�,���--52 

#-)��'(��  7&-"3## �,-�$ %�'�*�--�$, +#!��--��� ,#77�'�-3#'� (-#. # %'#/�#9�--��� '�-

:�-#. �/5"-� �--52 ,#77�'�-3#(�4-52 &'( -�-#$. �8��9�-#� )��'�)#+�!"��� *()�'#(�( !�-

%'� �9,(�)!. %'#*�'(*# '�:�-#. %'�!)52 8(,(+, #��0!)'#'&01#2 %'#*�-�-#� #8&+(�*52 

+#!��--52 *�)�,�  -( %'(")#"�.  

�)�) "�-!%�") /&,�) ,�%��-�- %�,/�'"�$ &+�/-52 %'#*�'�  '�:�-#. 2('(")�'-52 ,�. 

)�2-#"#  5!�"#2 -(%'.9�-#$ 8(,(+ �)5!"(-#. 6"!)'�*&*�  7&-"3#$, +#!��--��� #-)��'#'�-

 (-#. # %'#/�#9�--��� '�:�-#. �/5"-� �--52 ,#77�'�-3#(�4-52 &'( -�-#$,  ( )("9� -(/�-

'�* 8(,(+ ,�. !(*�!)�.)��4-��� '�:�-#..  

�()�'#(�5, %'# �,�--5�   ,(--�* &+�/-�* %�!�/##, %�,��)� ��-5 -( �!-� � �%#!(-#. 

&%�*.-&)52 +#!��--52 *�)�,� , %'�,!)( ��--���   "-#�(2 [1-12]. 

� )�' /�(��,('#) (!!#!)�-)( "(7�,'5 ���� ��� (��) ��'-�-!"��� �.�. 8( %���8-5� 

!� �)5, %�8 ��# :#� &�&+:#)4 !�,�'9(-#� ,(--��� %�!�/#., # !)&,�-)"& "(7�,'5 �&!('� & 

�.�. 8( %�*�14   ��� �7�'*��-##. 
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1. �������	� 
�� ���� �
������ � �� ������ 

1.1. ��������� �������� �� � ��!���"#$��%� "�"#��" 

�'�9,�  !���, %'# �,�* -�"�)�'5� ! �,�-#. #8 7&-"3#�-(�4-��� (-(�#8(, -��/2�,#*5� 

,�. %�-#*(-#. #!!��,&�*��� *()�'#(�( ,(--��� %('(�'(7(. 

�'�!)'(-!) �* -(85 (�)!. !� �"&%-�!)4 �/;�")�  (+#!��, 7&-"3#$, -(/�'�  +#!�� – *()-

'#3,  �")�'�  – # ).,.), *�9,& "�)�'5*# &!)(-� ��-5 !��)-�:�-#., (-(���#+-5� %'�!)'(-!)-

 �--5* !��)-�:�-#.* *�9,& �/;�")(*# �/5+-��� ���*�)'#+�!"��� %'�!)'(-!) ( (!� %(,�-#�, 

 ��#+#-(, '(!!)�.-#�   �%'�,���--�$ �/�(!)# # ).,.). �'#-(,��9-�!)4 6��*�-)( z %'�!)'(-!) & 

Q �/�8-(+(�)!. z∈Q. 

�&!)4   %'�!)'(-!) � Q �%'�,���-5 �%�'(3## !��9�-#. 6��*�-)�  z1 # z2 # #2 &*-�9�-#. 

-( +#!�� 5� *-�9#)��# a1 # a2, )(" +)� z1⋅a1 + z2⋅a2 = zb. 

�'�!)'(-!) � -(85 (�)!. �#-�$-5*, �!�#  5%��-.0)!. !�+�)()��4-5$, %�'�*�!)#)��4-

-5$ # '(!%'�,��#)��4-5$ 8("�-5 !��9�-#. # &*-�9�-#. -( +#!�� 5� *-�9#)��#. � �#-�$-�* 

%'�!)'(-!) � #*��)!. -&�� �$ 6��*�-) θ, )("�$, +)� z⋅0 = θ, �,� 0 – -&�� �$ +#!�� �$ *-�9#-

)��4. � ,(�4-�$:�* *5 /&,�* #*�)4 ,��� )��4"� ! �#-�$-5*# %'�!)'(-!) (*# # -� /&,�* ���-

 ('# ()4 6)� !%�3#(�4-�. 

�(9-�$:�$ 2('(")�'#!)#"�$ 6��*�-)( %'�!)'(-!) ( . �.�)!. -�'*( – ,�$!) #)��4-�� -�-

�)'#3()��4-�� +#!��, "�)�'�� !)( #)!.   !��) �)!) #� 6��*�-)& z (�/�8-(+(�)!. z ) # �/�(,(�) 

!��,&01#*# ! �$!) (*#: 

– 0=z  )��4"� %'# z = θ; 

– 2121 zzzz +≤+ ; 

– zz ⋅=⋅ αα . 

��'*�$ ,�$!) #)��4-��� +#!�( . �.�)!. ��� *�,&�4: zz = . 

�(!!)�.-#�* *�9,& , &*. 6��*�-)(*# %'�!)'(-!) ( z1 # z2 -(85 (�)!. ,�$!) #)��4-�� 

+#!�� ρ(z1,z2), &,� ��) �'.01�� !��,&01#* &!�� #.*: 

– ( ) 0, 21 ≥zzρ , ( &!�� #� '( �-!) ( -&�0  5%��-.�)!. %'# !� %(,�-## 6��*�-)�  z1 # z2; 

– ( ) ( )1221 ,, zzzz ρρ = ; 

– ( ) ( ) ( )323121 ,,, zzzzzz ρρρ +≤ . 
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�("   %'�!)'(-!) � n-*�'-52  �")�'�  '(!!)�.-#� *�9-� �%'�,��#)4 !��)-�:�-#�*  

( ) ( )�
=

−=
n

i
ii yzyz

1

2,ρ . 

�!�# %'�!)'(-!) � -�'*#'� (-�, )� �!)4 ,�. ��� 6��*�-)�  �%'�,���-� %�-.)#� -�'*5, )� 

*�9-� %'#-.)4 ( ) yzyz −=,ρ , #, -(�/�'�),   "(+�!) � -�'*5 *�9-�  5/'()4 '(!!)�.-#� *�9-

,& �0/5* 6��*�-)�* z # -&�� 5* 6��*�-)�* θ, ).�. ( )θρ ,zz = . 

	%�'()�' – 6)� %'( #��, %� "�)�'�*& "(9,�*& 6��*�-)& z∈Q1, !)( #)!.   !��) �)!) #� 

6��*�-) y∈Q2. 	%�'()�' �/�8-(+(�)!. !��,&01#* �/'(8�*: y=A(z) #�# y=A⋅z. 

�(%'#*�', �%�'(3#0 #-)��'#'� (-#. ( )�=
b

a
dxxfy  *�9-� %'�,!)( #)4 "(" ,�$!) #� �%�-

'()�'( �=
b

a
dxA , �)�/'(9(01��� 7&-"3#0 f(x) #8 7&-"3#�-(�4-��� %'�!)'(-!) ( -( *-�9�!)-

 � ,�$!) #)��4-52 +#!��. �("#� �%�'()�'5 -(85 (0)!. 7&-"3#�-(�(*#. 

	%�'()�' � -(85 (�)!. �#-�$-5*, �!�# ( ) ( ) ( )22112211 zAzAzzA αααα +=+ , �,� α1 # α2  – 

+#!�� 5� *-�9#)��#. 

��'*( �%�'()�'( – 6)� -(#*�-4:�� +#!�� AM = , %'# "�)�'�*   ,(--�$ �/�(!)# %'�-

!)'(-!) (  5%��-.�)!. !��)-�:�-#� ( ) ( )2121 ,, zzMzAzA ρρ ≤⋅⋅ . �!)'�*�.. z2 " z1 %��&+(�* +(-

!)-5$ !�&+($ -�'*5   )�+"�, "��,(  

( )[ ]
( )dzzz

dzzAzA
MA

dz +
+⋅⋅

==
→

11

11

0 ,
,

lim
ρ

ρ
. 

� +(!)-�* !�&+(� �%�'()�'(-7&-"3## y=f(x) #*��* 

( ) ( ) ( ) ( )
'limlim 11

0
11

11

0
f

dz

zfdzzf

zdzz

zfdzzf
f

dzdz
=

−+
=

−+
−+

=
→→

, 

).�. -�'*( �%�'()�'(-7&-"3## '( -( *�,&�0 �� %'�#8 �,-�$. 

�&%�'%�8#3#. (%'�#8 �,�-#�) �%�'()�'�  W=By=B(A⋅z)=B⋅A(z). � �/1�* !�&+(� B⋅A≠A⋅B. 

��. -�'*5 %'�#8 �,�-#. �%�'()�'�  ,��9-�  5%��-.)4!. ,�%��-#)��4-�� &!�� #� 

BABA ⋅≤⋅ . 

�)�%�-4 �%�'()�'( A⋅(A⋅z)=A2⋅z. �8 !7�'*&�#'� (--���  5:� ! �$!) ( -�'*5 %'�#8 �,�-

-#. �%�'()�'�   5)�"(�), +)� 
nn AA ≤ . 
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1.2. 
�&���� ��#���'��%�  �"������ (�����( )�����* ����"!�' 

�&!)4 ,(-� �%�'()�'-�� &'( -�-#� x=P⋅x, #*�01�� )�+-�� '�:�-#� x*. ��� +#!��--�� '�-

:�-#� �'�(-#8&�)!.    #,� #)�'(3#�--��� %'�3�!!(,   "�)�'�* �+�'�,-�� %'#/�#9�-#� xk  5-

+#!�.�)!. #8 %'�,5,&1��� %'#/�#9�-#. xk–1 %� 7�'*&�� 

( ) 02
2

21 xPxPxPPxPx k
kkkk ⋅=⋅=⋅⋅=⋅= −−− , 

�,� x0 – -(+(�4-�� %'#/�#9�-#� " '�:�-#0. 

	%'�,��#* &!�� #� !2�,#*�!)# #)�'(3#$. �� �%'�,���-#0 -�'*5 �%�'()�'( 

( ) ( )*
0

* ,, xxPxx k
k ρρ ≤ . 

�'#-#*(. ( ) 2121 , xxxx −=ρ , %��&+(�* 

*
0

*
021 xxPxxPxx

kk −⋅≤−⋅≤− . 

�8 %��&+�--��� !��)-�:�-#. !��,&�), +)� �!�# 1<P , )� 0*
0 →− xx , ).�. #)�'(3## !2�,.)!.. 

�("#* �/'(8�*, ,�!)()�+-5* &!�� #�* !2�,#*�!)# #)�'(3#�--��� %'�3�!!( '�:�-#. -�-

�#-�$-��� &'( -�-#. *�)�,�* %'�!)52 #)�'(3#$ . �.�)!.  5%��-�-#� !��)-�:�-#. 1<P    

�/�(!)#,  "�0+(01�$  !� 8-(+�-#. %�!��,� ()��4-52 %'#/�#9�-#$ xk. 

���/2�,#*�� &!�� #� !2�,#*�!)# #)�'(3#$ 8("�0+(�)!.   )�*, +)� 1<P    -�"�)�'�$ 

*(��$ �"'�!)-�!)# )�+"# )�+-��� '�:�-#. x*. 

� !�&+(� �%�'()�'(-7&-"3## -��/2�,#*� -($)# '�:�-#� &'( -�-#. x=f(x). ��!"��4"& 

'ff = , )� ,�!)()�+-�� &!�� #� !2�,#*�!)# #)�'(3#�--��� %'�3�!!( ( )1−= kk xfx  8(%#!5 (�)-

!.    #,� 1' <f    �/�(!)#,  "�0+(01�$  !� %'#/�#9�-#. xk. 

���&+�--�� ,�!)()�+-�� &!�� #� !2�,#*�!)# #)�'(3#$ !�/�0,(�)!. ,(��"� -�  !��,(. 

�(%'#*�',  /�#8# )�+-��� '�:�-#. x* *�,&�4 %'�#8 �,-�$ 'f  *�9�) /5)4 /��4:� 1.  

	,#- #8 !%�!�/�  &�&+:�-#. !2�,#*�!)# #)�'(3#$ 8("�0+(�)!.   !��,&01�*. 	/�8-(+#* 

F(x)=f(x)–x. ���,( !%'( �,�# � &'( -�-#� αF(x)=0, �,� α – %'�#8 ��4-5$ +#!�� �$ *-�9#)��4. 

���,( #!2�,-�� &'( -�-#� x=f(x) 6" # (��-)-� &'( -�-#0 x=αF(x)+x. 

��. !2�,#*�!)# #)�'(3#$ %� 7�'*&�� xk=αF(xk–1)+xk–1 ,�!)()�+-�, +)�/5 

( )( ) ( ) 11'' <+=+ xFxxF αα , #�# ( ) 0'2 <<− xFα . 	)!0,( -(2�,#* 8-(+�-#� α. 

	%#!(--5$ *�)�, &�&+:�-#. !2�,#*�!)# -�&,�/�- )�*, +)� )'�/&�)!. %'�, ('#)��4-� 

�3�-#)4 �'(-#35 �)'�8"(,   "�)�'52 ��9#) "�'�-4. �)�) -�,�!)()�" &!)'(-.�)!.   '(*"(2 *�)�-

,( �40)�-(. 
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1.3. 
�&���� ��#���'��*  �"�����' � �* �����( (�����( �$+���" 

��. '�:�-#. -��#-�$-52 &'( -�-#$ # #2 !#!)�* �+�-4 +(!)� #!%��48&�)!. *�)�, �40)�-

-(. ��� #)�'(3#�--(. 7�'*&�( �!-� (-( -( '(8��9�-## 7&-"3## F(x), . �.01�$!. �� �$ +(-

!)40 &'( -�-#. F(x)=0   '., ��$��'(   �"'�!)-�!).2 %'#/�#9�--��� 8-(+�-#. xk–1: 

( ) ( ) ( )( ) ( )( ) ( ) ( )( )111
2

1111 '' −−−−−−− −+≈−+−+= kkkkkkk xxxFxFxxoxxxFxFxF . 

�'#'( -.  -&�0 %��&+�--&0 �#-�$-&0 (%%'�"!#*(3#0 7&-"3## F(x) # %�,!)( #    -�� 

x=xk, -($,�*, +)�  

( )
( )1

1
1 ' −

−
− −=

k

k
kk xF

xF
xx . 

���&+�--&0 #)�'(3#�--&0 7�'*&�& *�9-� )("9�  5 �!)# #8 &!�� #. !2�,#*�!)# &!�-

 �':�-!) � (--��� *�)�,( %'�!)52 #)�'(3#$. ��. 6)��� -&9-� %�)'�/� ()4, +)�/5  /�#8# 

"�'-. x*  5%��-.��!4 /5 &!�� #� ( ) 01' * =+xFα , �)"&,( ( )*'1 xF−=α . �(*�-.. %'�#8 �,-&0   

)�+"� x* %'�#8 �,-�$   %'�*�9&)�+-�$ )�+"� xk–1, %��&+#* #)�'(3#�--&0 7�'*&�& *�)�,( 

�40)�-(. 

���,&�) 8(*�)#)4, +)� *�)�, �40)�-( -� �('(-)#'&�) !2�,#*�!)#, �!�# -(+(�4-�� %'#-

/�#9�-#�  5/'(-� ,(��"� �) "�'-. x*. 

��)�, �40)�-( �/�/1(�)!. -( !�&+($ '�:�-#. !#!)�*5 -��#-�$-52 &'( -�-#$ 

( ) nixFi ,,2,1,0 �== , 

�,� [ ]T
nxxxx ,,, 21 �= –  �")�' %�'�*�--52 '(8*�'-�!)# n. ���,( #*��* #)�'(3#�--&0 7�'*&�& 

( )[ ] ( )1
1

11 ' −
−

−− ⋅−= kkkk xFxFxx . 

�,�!4 ( ) ( ) ( ) ( )[ ]T
n xFxFxFxF ,,, 21 �=  –  �")�' 7&-"3#$ �� 52 +(!)�$ !#!)�*5 &'( -�-#$, 8(%#-

!(--5$   %'�*�9&)�+-�$ )�+"� 1−kx , ( ( )[ ]1' −kxF  – *()'#3( %�' 52 %'�#8 �,-52 7&-"3## 

[ ]

�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�

�

�

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

=

n

nnn

n

n

x
F

x
F

x
F

x
F

x
F

x
F

x
F

x
F

x
F

F

�

����

�

�

21

2

2

2

1

2

1

2

1

1

1

' , 

)("9� 8(%#!(--(.   %'�*�9&)�+-�$ )�+"� 1−kx . 

������ 1.  

��:#)4 +#!��--� &'( -�-#� 02 =+− − xex  ! )�+-�!)40 ε=0,001. 
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	/�8-(+#* ( ) 2+−= − xexxF , )��,( &'( -�-#� %'#�/'�)(�)  #, ( ) 0=xF . �5+#!�#* %�' &0 %'�#8 �,-

-&0 7&-"3## ( )xF : ( ) xexF −+= 1' . ���,( #)�'(3#�--(. 7�'*&�( *�)�,( �40)�-( %'#�/'�)(�)  #,:  

�,2,1,
1

2
1

1
1

1 =
+

+−
−=

−

−

−

−
−

− k
e
ex

xx
k

k

x

x
k

kk . 

� "(+�!) � -(+(�4-��� %'#/�#9�-#.  �84*�* x0=1. �)�'(3## /&,�* %'�,��9()4 ,� )�2 %�', %�"( -� /&,�) 

 5%��-�-� &!�� #� 

�,2,1,1 =≤
−

= − k
x

xx
x

k

kk
k εδ  

�,� ε – %'�,��4-�� ,�%&!)#*�� '(!2�9,�-#� 8-(+�-#$ xk *�9,& , &*. %�!��,� ()��4-5*# #)�'(3#.*#, 8(,(--��   

�)-�!#)��4-52 �,#-#3(2. �*�--� )("�� '(!2�9,�-#� 8,�!4 # ,(��� '(!!*()'# (�)!.   "(+�!) � )�+-�!)# +#!��--

-��� '(!+�)(. 

��8&�4)()5 '(!+�)( ! �,�-5   )(/�. 1.  

 

�(/�#3( 1 

��8&�4)()5 '�:�-#. &'( -�-#. 02 =+− − xex  *�)�,�* �40)�-( 

k 0 1 2 3 4 5 

xk 1 –0,92423 –0,51395 –0,44399 –0,44285 –0,44285 

δxk __ 2,08198 0,79829 0,15757 0,00257 ≈0 

 

��. !'( -�-#.   )(/�.2 %'# �,�* '�8&�4)()5 '(!+�)�  %� !2�*� *�)�,( %'�!)52 #)�'(3#$: 

( ) �,2,1,1 == − kxfx kk , 

�,� ( ) 2−= −xexf . �'# 6)�*  /�#8# "�'-. ( ) 1' >=−= −− xx eexf , # #)�'(3#�--5$ %'�3�!! '(!2�,#)!. 

()(/�. 2). 

 

�(/�#3( 2 

��8&�4)()5 '�:�-#. &'( -�-#. 02 =+− − xex  *�)�,�* %'�!)52 #)�'(3#$. 

k 0 1 2 3 4 5 

xk 1 –1,63212 3,11471 –1,95561 5,06823 –1,99371 

1.4. �)���� ������#$��* ��)����� � 1-' %#"�� 

1. �)� )("�� �%�'()�'? �)� )("�� -�'*( �%�'()�'(  ��/1� # �%�'()�'(-7&-"3##   +(!)-

-�!)#? 

2. �7�'*&�#'&$)� *�)�, %'�!)52 #)�'(3#$ +#!��--��� '�:�-#. -��#-�$-52 &'( -�-#$. 

�'�,��9#)� ��� �'(7#+�!"&0 #-)�'%'�)(3#0. 
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3. � +�* 8("�0+(�)!. &!�� #� !2�,#*�!)# *�)�,( %'�!)52 #)�'(3#$? �"(9#)� %&)# �� 

&�&+:�-#.. 

4. ��.!-#)� �!-� -5� %'#-3#%5 +#!��--��� '�:�-#. -��#-�$-52 &'( -�-#$ *�)�,�* 

�40)�-(. �'�,��9#)� ��� �'(7#+�!"&0 #-)�'%'�)(3#0. 

5. �5 �,#)� #)�'(3#�--&0 7�'*&�& *�)�,( �40)�-( ,�. !�&+(. '�:�-#. �,-��� -��#-

-�$-��� &'( -�-#.. 

6. �(%#:#)� #)�'(3#�--&0 7�'*&�& *�)�,( �40)�-( ,�. !�&+(. '�:�-#. !#!)�*5 -��#-

-�$-52 &'( -�-#$. 

7. � +�* 8("�0+(0)!. ,�!)�#-!) ( # -�,�!)()"# *�)�,( �40)�-(? 
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2. 	��	�,  
�� ���- ��������, � .�� ���������/	0	 
1
	0
���
	���- 

2.1. 1���"����" �"�"2� ("��("��2����%� )��%�"((����"��� 

� 2�,� !�8,(-#. 6-�'��)#+�!"��� �/�'&,� (-#. +(!)� %'#2�,#)!. !)(�"# ()4!. ! -��/2�-

,#*�!)40 '�:�-#. 8(,(+ �%)#*#8(3##. �(%'#*�', !��,&�)  5/'()4 ���*�)'#+�!"#� '(8*�'5 

'(8'.,-��� %'�*�9&)"( )(", +)�/5, ! �,-�$ !)�'�-5, ��� %'�/# -�� -(%'.9�-#� /5�� /5 -(#-

/��4:#*, #, ! ,'&��$ !)�'�-5, *(!!( # �(/('#)5 %'��")#'&�*��� &!)'�$!) ( &"�(,5 (�#!4 /5   

8(,(--5� '(*"#. �("#* �/'(8�*, 6)( 8(,(+( !�,�'9#) 3��� &0 7&-"3#0, �%)#*&* "�)�'�$ !��-

,&�) �%'�,��#)4, # !#!)�*& '( �-!)  # -�'( �-!) , -("�(,5 (01#2 ��'(-#+�-#. -( ,�%&!)#-

*5� 8-(+�-#. %�'�*�--52. �)( 8(,(+( -(85 (�)!. 8(,(+�$ *()�*()#+�!"��� %'��'(**#'� (-#. 

# 7�'*&�#'&�)!. !��,&01#* �/'(8�*: 

• -($)# �%)#*&* (-(%'#*�', *#-#*&*) 3��� �$ 7&-"3## ( )xf  

 min)( →xf  (1) 

• %'# &!�� ##  5%��-�-#. ��'(-#+�-#$  

 mixg i ,1 ,0)( =≥ , (2) 

 pjxh j ,1 ,0)( == , (3) 

�,� [ ]T
nxxxx ,,, 21 �=  –  �")�' %�'�*�--52 8(,(+# '(8*�'-�!)# n. 

��!"��4"&   8(,(+(2 *()�*()#+�!"��� %'��'(**#'� (-#. )'�/&�)!. -($)# *("!#*(�4-�� 

#�# *#-#*(�4-�� 8-(+�-#� 3��� �$ 7&-"3## (1) %'# &!�� ##  5%��-�-#. ��'(-#+�-#$ (2) # 

(3), )� 6)# 8(,(+# +(!)� -(85 (0) 8(,(+(*# &!�� -�$ �%)#*#8(3##, ( #2 '�:�-#� – &!�� -5* 

*("!#*&*�* (*#-#*&*�*) 3��� �$ 7&-"3## ( )xf . 

2.2. 	��3������� )����" ��&���' � �"�"2"* ("��("��2����%� )��%�"((���-

�"��� 

��:�-#� 8(,(+# *()�*()#+�!"��� %'��'(**#'� (-#. (1)–(3)   �/1�*  #,� %'�,!)( �.�) 

!�/�$ ,�!)()�+-� !��9-&0 %'�/��*&. ��6)�*& %'�9,� +�* %�'�$)# " #8&+�-#0 �/1��� (���-

'#)*( �� '�:�-#., !��,&�) '(!!*�)'�)4 +(!)-5� 7�'*&�#'� "# 8(,(+# ! )�+"# 8'�-#.  �8*�9-

-�!)# &%'�1�-#. �� '�:�-#.. �'�9,�  !���, )("#*# +(!)-5*# !�&+(.*# . �.0)!. 8(,(+#, 

 "�0+(01#�   !�/. ��'(-#+�-#. )��4"�    #,� '( �-!)  #�# )��4"�    #,� -�'( �-!) . 
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2.2.1. ����	� ��
���
�	���� �������������� � �����	������ � ���� ��-

����
� 

�(!!*�)'#* 8(,(+&  *()�*()#+�!"���  %'��'(**#'� (-#.,   "�)�'�$ �!)4 ��'(-#+�-#. 

)��4"�    #,� '( �-!) . �&!)4 3��� (. 7&-"3#. 8(,(+# . �.�)!. 7&-"3#�$ , &2 %�'�*�--52 

),()( 21 xxfxfz == , 

( �� ('�&*�-)5 ! .8(-5 &'( -�-#�*-��'(-#+�-#�* 

0),( 21 =xxϕ . 

�!�# 7&-"3## z=f(x1,x2) %�!)( #)4   !��) �)!) #� -�"�)�'&0 %� �'2-�!)4, )�   ,(--�$ 8(-

,(+� -��/2�,#*� -($)# !��,&01#� )�+"# ('#!. 1): 

1. ��+"#, %'#-(,��9(1#� �#-## %�'�!�+�-#. 6)�$ %� �'2-�!)# ! 3#�#-,'�*, -(%'( �.0-

1(. "�)�'��� �%#!5 (�)!. &'( -�-#�*-��'(-#+�-#�* ϕ(x1,x2), ( �/'(8&01(. %('(����4-( �!# 

OZ. 

2. ��+"# 6)�$ �#-## %�'�!�+�-#.,   "�)�'52 7&-"3#. z=f(x1,x2) %'#-#*(�) 6"!)'�*(�4-5� 

8-(+�-#. ()�+"# A # B -( '#!. 1). 

 

 
��. 1. ������ ������ �� ��� ����!"#" $%"#%����%"&���' $%� "#%�������'( & &��� %�&��� & 
 

�("  #,-� #8 '#!. 1, )�+"# &!�� -��� 6"!)'�*&*( � # � -� !� %(,(0) ! *("!#*&*�* #�# 

*#-#*&*�* 7&-"3## z=f(x1,x2), ).�. ! /�8&!�� -5* 6"!)'�*&*�* 7&-"3## f(x1,x2).  

�!�# #8 &'( -�-#. ! .8# ϕ(x1,x2)=0  5'(8#)4   . -�*  #,� �,-& %�'�*�--&0 +�'�8 ,'&�&0, 

-(%'#*�' x2=ψ(x1), )� 7&-"3#. z=f(x1,x2)=f[x1,ψ(x1)] !)(-� #)!. 7&-"3#�$ �,-�$ %�'�*�--�$ x1. 

�� /�8&!�� -5$ 6"!)'�*&* *�9-� -($)# )'(,#3#�--5* *�)�,�*, %'#'( -# (. -&�0 %�' &0 

%'�#8 �,-�$ 7&-"3## f[x1,ψ(x1)] %� x1. 

�("#* �/'(8�*, /�8&!�� -5$ 6"!)'�*&* 7&-"3## f[x1,ψ(x1)] . �.�)!. &!�� -5* 6"!)'�*&-

*�* ,�. 7&-"3## f(x1,x2) %'# ��'(-#+�-## ϕ(x1,x2)=0. 

�8 !"(8(--��� !��,&�), +)� '�:�-#� 8(,(+ *()�*()#+�!"��� %'��'(**#'� (-#.,  "�0-

+(01#2   !�/. )��4"� ��'(-#+�-#.    #,� '( �-!) , *�9�) /5)4 &%'�1�-� 8( !+�) %�-#9�-#. 
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'(8*�'-�!)# 8(,(+#. ��. 6)��� -&9-�  5'(8#)4 #8 ��'(-#+�-#$-'( �-!)  �,-# %�'�*�--5� +�-

'�8 ,'&�#�. 

2.2.2. ����	� ��
���
�	���� �������������� � �����	������ � ���� ��-

������
� 

�(�#+#�   8(,(+� *()�*()#+�!"��� %'��'(**#'� (-#. ��'(-#+�-#$    #,� -�'( �-!)  �1� 

/���� &!��9-.�) 8(,(+&. �(!!*�)'#*  �8-#"(01#� %'# 6)�* �!�/�--�!)# '�:�-#. -( !��,&0-

1�* %'#*�'�: 

.01)(,0)(max,)( 2
2

2
2

2
211 1

≥−−=≥−=→ xxxgxxxgxf  

	/�(!)4 ,�%&!)#*52 8-(+�-#$ D %�'�*�--52 x1 # x2, 8(,( (�*(. !#!)�*�$ ��'(-#+�-#$,   

6)�$ 8(,(+� �!)4 %�'�!�+�-#� �/�(!)#, ��9(1�$ « -&)'#» %('(/��5 2
21 xx = , ! "'&��* �,#-#+-�-

�� '(,#&!(, &'( -�-#� �"'&9-�!)# "�)�'��� #*��)  #, 12
2

2
1 =+ xx  ('#!. 2). 

 

 
��. 2. �)*�� + �"$,� ��-( �������. $�%�����-( x1 � x2 

 

� �/1�* !�&+(� %�'�!�+�-#� 3#�#-,'(, -(%'( �.01�$ "�)�'��� . �.�)!. �'(-#3( �/�(!)# 

,�%&!)#*52 8-(+�-#$ %�'�*�--52 D, ! %� �'2-�!)40 3��� �$ 7&-"3## z=f(x1,x2) *�9�) ,( ()4 

)'#  ('#(-)( '(!%���9�-#. /�8&!�� -��� 6"!)'�*&*( 7&-"3## f(x1,x2) �)-�!#)��4-� �/�(!)# D.  

�)#  ('#(-)5 %�"(8(-5 -( '#!. 3 # ! �,.)!. " !��,&01�*&: 

() ��+"( � /�8&!�� -��� 6"!)'�*&*( 7&-"3## z=f(x1,x2) ��9#)  -&)'# �/�(!)# D ,�%&!)#-

*52 8-(+�-#$ %�'�*�--52 # . �.�)!. )("9� )�+"�$ &!�� -��� 6"!)'�*&*( 8(,(+#. 

/) ��+"( � ��9#) -( �'(-#3� �/�(!)# D, #, "(" #   %'�,5,&1�* !�&+(�,   -�$ ,�!)#�(�)!. 

&!�� -5$ 6"!)'�*&* 3��� �$ 7&-"3##. 

 ) ��+"( � ��9#)  -� �/�(!)# ,�%&!)#*52 8-(+�-#$ %�'�*�--52, ( 3��� (. 7&-"3#. ,�!-

)#�(�) -(#/��4:��� 8-(+�-#.   �,-�$ #8 )�+�" �#-## AB, %'#+�* -� #!"�0+�-�, +)� �-� /&,�) 

,�!)#�()4!. �,-� '�*�--�   -�!"��4"#2 )�+"(2 �#-## AB #�# -(  !�$ �#-##. 
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� 

 
! 

 
� 

�� 3. �"*"/����  "�!� � )��,�*"&�"#" 0!� %��,�� 1�*�&". 2,�!1�� f(x1,x2) " �"�� �*+�" ")*�� � �"$,�-
 ��-( �������. $�%�����-( D: � – )�+"( � ��9#)  -&)'# �/�(!)# D; ! – )�+"( � ��9#) -( �'(-#3� �/�(!)# D; � 
– )�+"( � ��9#)  -� %'�,���  �/�(!)# D 

 

�)#  5 �,5 !%'( �,�# 5 #   !�&+(� )'�2 # /���� %�'�*�--52. 

�8 !"(8(--��� !��,&�), +)� '�:�-#� 8(,(+ *()�*()#+�!"��� %'��'(**#'� (-#. ! ��'(-#-

+�-#.*#    #,� -�'( �-!)  %'�,!)( �.�) !�/�$ ,�!)()�+-� !��9-&0 %'�/��*&. ����'#)* #2 

'�:�-#. ,��9�-  "�0+()4   !�/. -� )��4"� %�#!" )�+�" 6"!)'�*&*�  3��� �$ 7&-"3##, -� # 

�)/�' !'�,# -#2 )�2 )�+�", "�)�'5� ��9()   �/�(!)# ,�%&!)#*52 8-(+�-#$ %�'�*�--52. �()�* 

,��9-5 /5)4 �%'�,���-5 *("!#*(�4-�� # *#-#*(�4-�� 8-(+�-#. 3��� �$ 7&-"3## -( �'(-#3(2 

�/�(!)# ,�%&!)#*52 8-(+�-#$. �#:4 %�!�� 6)��� *("!#*(�4-�� #�# *#-#*(�4-�� 8-(+�-#� 
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7&-"3##  �  !�$ �/�(!)# *�9�) /5)4 �%'�,���-� %'# %�*�1# !'( -�-#. �� 8-(+�-#$   �)�-

/'(--52 )�+"(2 6"!)'�*&*�  ! *("!#*(�4-5* #�# *#-#*(�4-5* 8-(+�-#�* -( �'(-#3�. 

2.3. 	34�' "#%����( ��&���� �"�"2� ("��("��2����%� )��%�"((����"��� 

��,( �.01�� /��4:#-!) � 8(,(+ *()�*()#+�!"��� %'��'(**#'� (-#.,  !)'�+(01#2!. -( 

%'(")#"�,  "�0+(�)   !�/. ��'(-#+�-#. -� )��4"�    #,� '( �-!) , -� # -�'( �-!) . �-��#� 8(-

,(+#  "�0+(0)   !�/. )��4"� ��'(-#+�-#.--�'( �-!) (. ��6)�*&, "(" %'( #��, ,(9� �!�# '(8-

*�'-�!)4 8(,(+# &,(�)!. !�"'()#)4 %'# %�*�1# �%#!(--�$   %'�,5,&1�* %('(�'(7� %'�3�,&-

'5 %�,!)(-� "#, "�)�'(. #!%��48&�) ��'(-#+�-#.-'( �-!) (   "(+�!) � &'( -�-#$ ! .8# *�9,& 

%�'�*�--5*#, %'#2�,#)!. #*�)4 ,��� ! 8(,(+�$ *()�*()#+�!"��� %'��'(**#'� (-#., !�,�'9(-

1�$ ��'(-#+�-#.--�'( �-!) (. ����'#)* #2 '�:�-#., �!-� (--5$ -( �)/�'� !'�,#  !�2 )�+�" 

6"!)'�*&*�  3��� �$ 7&-"3## )�2 )�+�", "�)�'5� ��9()  -&)'# �/�(!)# ,�%&!)#*52 8-(+�-#$ 

%�'�*�--52, )'�/&�) �+�-4 /��4:��� �/;�*(  5+#!��-#$, # %�)�*& -�%'#*�-#*   !�&+(� 

7&-"3#$ *-��#2 %�'�*�--52. 

��6)�*& -( %'(")#"� #!%��48&�)!. #-�$ (���'#)* '�:�-#. 8(,(+ *()�*()#+�!"��� %'�-

�'(**#'� (-#., �!-� (--5$ -( !�!)( ��-##  !%�*��()��4-�$ 8(,(+# /�8&!�� -�$ �%)#*#8(-

3##, 3��� (. 7&-"3#. "�)�'�$  "�0+(�)   !�/. "(" 3��� &0 7&-"3#0 #!2�,-�$ 8(,(+# (1)–(3), 

)(" # �� ��'(-#+�-#..  

�)�) (���'#)* !�!)�#) #8 )'�2 6)(%� . 

• ��'*&�#'&�)!. 8(,(+( *()�*()#+�!"��� %'��'(**#'� (-#. (1)–(3), %'# -��/2�,#*�!)# 

%'�#8 �,#)!. &*�-4:�-#� '(8*�'-�!)# 8(,(+# ! %�*�140 %'�3�,&'5 %�,!)(-� "#, "�)�'(. #!-

%��48&�) ��'(-#+�-#.-'( �-!) (   "(+�!) � &'( -�-#$ ! .8# *�9,& %�'�*�--5*#. �,�!4 -��/-

2�,#*� &+#)5 ()4, 3���!��/'(8-( �# )("(. %�,!)(-� "(, %�!"��4"&   -�"�)�'52 !�&+(.2 �-( 

*�9�) -��%'( ,(--� &!��9-#)4 3��� &0 7&-"3#0, (, !��,� ()��4-�, # &!��9-#)4 %�!��,&0-

1&0 %'�3�,&'& '�:�-#.. 

• 	!-� 5 (.!4 -( #!2�,-�$ 8(,(+� *()�*()#+�!"��� %'��'(**#'� (-#. (1)–(3), "�)�'(. 

. �.�)!. 8(,(+�$ /�8&!�� -�$ �%)#*#8(3##, !�!)( �.�)!.  !%�*��()��4-(. 8(,(+( &!�� -�$ �%-

)#*#8(3## ().�. �%)#*#8(3#�--(. 8(,(+( /�8 ��'(-#+�-#$),   3��� &0 7&-"3#0 "�)�'�$  "�0-

+(0)!. "(" 3��� (. 7&-"3#. #!2�,-�$ 8(,(+#, )(" # ��'(-#+�-#. #!2�,-�$ 8(,(+#. 

• ���&+�--(.  !%�*��()��4-(. 8(,(+( '�:(�)!. �,-#* #8 (-(�#)#+�!"#2 #�# +#!��--52 

*�)�,�  '�:�-#. 8(,(+ /�8&!�� -�$ �%)#*#8(3##. 

	!-� -5� %'#-3#%5 !�!)( ��-#.  !%�*��()��4-52 �%)#*#8(3#�--52 8(,(+ # +#!��--��� 

'�:�-#. 8(,(+ /�8&!�� -�$ �%)#*#8(3## '(!!*()'# (0)!.   !��,&01#2 %('(�'(7(2 ��( 5. 
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2.4. ����� �"%�"�5" 

��)�, �(�'(-9( . �.�)!. �,-#* #8 *�)�,�  ! �,�-#. 8(,(+ *()�*()#+�!"��� %'��'(**#-

'� (-#. (&!�� -�$ �%)#*#8(3##) " 8(,(+(* /�8&!�� -�$ �%)#*#8(3##. 

�(+-�* ��� #8&+�-#� !� !�&+(. 8(,(+# *()�*()#+�!"��� %'��'(**#'� (-#., !�,�'9(1�$ 

��'(-#+�-#. )��4"�    #,� '( �-!) . 

�&!)4 )'�/&�)!. '�:#)4 !��,&01&0 8(,(+&: 

 pjxhxf j ,1 ,0)(min,)( ==→ . (4) 

�� &!�� #0 8(,(+# !�!)( �.0) 7&-"3#0 �(�'(-9( 

 �
=

−=
p

j
jj xhxfxL

1

)()(),( λλ , (5) 

�,� λj, j=1,2,…,p – -�#8 �!)-5� *-�9#)��#, %�,��9(1#� �%'�,���-#0 (*-�9#)��# �(�'(-9(). 

� '�8&�4)()� #!2�,-(. 8(,(+( �%'�,���-#. &!�� -��� *#-#*&*( (4), !�,�'9(1(. � -�#8-

 �!)-52 x1,x2,…,xn, !�!)( �.01#2  �")�' x , # p ��'(-#+�-#$, ! �,#)!. " 6" # (��-)-�$ �$ 8(-

,(+� /�8&!�� -�$ *#-#*#8(3## 7&-"3## �(�'(-9( (5), 8( #!.1�$ �) �+p %�'�*�--52 (� -�#8-

 �!)-52 x1,x2,…,xn # p *-�9#)���$ �(�'(-9( λ1,λ2,…,λp). 

��+"#,   "�)�'52  �8*�9�- 6"!)'�*&*, -(2�,.) "(" '�:�-#� !#!)�*5 (���/'(#+�!"#2 

&'( -�-#$, %��&+�--�$ %'#'( -# (-#�* -&�0 +(!)-52 %'�#8 �,-52 �) 7&-"3## �(�'(-9( %� 

#!"�*5* %�'�*�--5* x1,x2,…,xn # λ1,λ2,…,λp: 

	
	




	
	

�

�

==
∂
∂

==
∂
∂

.,1,0

,,1,0

pj
L

nk
x
L

j

k

λ

     (6) 

�("#* �/'(8�*, *�)�, �(�'(-9( ! �,#) 8(,(+& �)5!"(-#. &!�� -��� 6"!)'�*&*( 7&-"3## 

f " 6" # (��-)-�$ �$ 8(,(+� �)5!"(-#. /�8&!�� -��� 6"!)'�*&*( 7&-"3## �(�'(-9( L. 

� �/1�* !�&+(� ,�. 8(,(+# (1)–(3), !�,�'9(1�$ ��'(-#+�-#.    #,� '( �-!)  -�'( �-!) , 

7&-"3#. �(�'(-9(   �,#)!. !��,&01#* �/'(8�*. 	�'(-#+�-#.--�'( �-!) ( *�9-� %'��/'(8�-

 ()4   '( �-!) (, �!�#  5+�!)4 #8 �� �$ +(!)# ,�%��-#)��4-5� -��)'#3()��4-5� %�'�*�--5� si, 

i=1,2,…,m. �!�� #� #2 -��)'#3()��4-�!)# *�9-� &+�!)4 ( )�*()#+�!"#, �!�#   "(+�!) � )("#2 

,�%��-#)��4-52 %�'�*�--52   �!)# (si)2, i=1,2,…,m. ��%�'4   '�:(�*�$ 8(,(+� #*�0)!. )��4"� 

��'(-#+�-#.-'( �-!) ( # 7&-"3#. �(�'(-9( ,�. -�� 8(%#!5 (�)!.    #,� 

( ) ��
==

−−−=
p

j
jj

m

i
iii xhsxguxfusxL

11

2 )()()(),,,( λλ ,     (7) 
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�,� λj, j=1,2,…,p # ui, i=1,2,…,m – *-�9#)��# �(�'(-9(, %�,��9(1#� �%'�,���-#0 -('.,& ! "�-

�',#-()(*#  �")�'( x . �-�9#)��# λj ,�. ��'(-#+�-#$    #,� '( �-!)  *��&) #*�)4 �0/�$ 

8-(", *-�9#)��#  ui ,�. ��'(-#+�-#$    #,� -�'( �-!)  ,��9-5 /5)4 -��)'#3()��4-5*#.  

�("#* �/'(8�*, %'# %�*�1# *�)�,( �(�'(-9( 8(,(+( (1)–(3) �)5!"(-#. &!�� -��� 6"!)'�-

*&*( 7&-"3## f, 8( #!.1�$ n �) %�'�*�--52, ! �,#)!. " 8(,(+� �)5!"(-#. /�8&!�� -��� 6"!-

)'�*&*( 7&-"3## L, "�)�'(. 8( #!#) �) n+m+p %�'�*�--52. �)�) 6"!)'�*&*   �/1�* !�&+(� 

-(2�,#)!. �,-#* #8 +#!��--52 *�)�,�  /�8&!�� -�$ �%)#*#8(3##. 

2.5. 	�����  2��#����%� ��&���� �"�"2 3�� �#����' �)��(��"!�� 

��!�� )���, "(" #!2�,-(. 8(,(+( &!�� -�$ �%)#*#8(3## (1)–(3) ! �,�-( " 8(,(+� /�8&!�� -

-�$ �%)#*#8(3##, %�!��,-�$ %'�/��*�$, "�)�'&0 -��/2�,#*� '�:#)4, . �.�)!. �)5!"(-#� /�8-

&!�� -��� 6"!)'�*&*( 6)�$ 8(,(+#. �)( %'�/��*( &!&�&/�.�)!. )�*, +)�, "(" !��,&�) #8 !"(8(--

-���  5:�, �� 3��� (. 7&-"3#. . �.�)!. 7&-"3#�$ *-��#2 %�'�*�--52. � /��4:#-!) � #8 

 !)'�+(01#2!. -( %'(")#"� !�&+(�  !,��()4 6)� *�9-� )��4"� +#!��--�. 

� 8(,(+(2 *-���*�'-�$ /�8&!�� -�$ �%)#*#8(3## )'�/&�)!. �)5!"()4 *#-#*&* -�"�)�-

'�$ 3��� �$ 7&-"3## 

 ( ) min→xf , (8) 

��%��-#)��4-5� ��'(-#+�-#. -( 8-(+�-#. %�'�*�--52   8(,(+� (8) �)!&)!) &0). 

�&)4 +#!��--52 *�)�,�  '�:�-#. 8(,(+# /�8&!�� -�$ �%)#*#8(3## 8("�0+(�)!.   )�*, 

+)� !)'�#)!. %�!��,� ()��4-�!)4  �")�'� , "�)�'5�  5+#!�.0)!. %� !��,&01�*& %'( #�&: 

)()()1( k
k

kk haxx ⋅+=+ . 

�,�!4 k – -�*�' #)�'(3##,  �")�' ( )kh  �%'�,��.�) -(%'( ��-#� , #9�-#. -( k+1-$ #)�'(3##, %(-

'(*�)' ak �%'�,��.�)  ��#+#-& :(�(   6)�* -(%'( ��-##. �(+(�4-�� %'#/�#9�-#� ( )0x   5/#'(-

�)!.   8( #!#*�!)# �)  #,( 3��� �$ 7&-"3##. 

� "(+�!) � %'#*�'( +#!��--��� *�)�,( '�:�-#. 8(,(+ /�8&!�� -�$ �%)#*#8(3## '(!!*�)-

'#* ����� ��"��� 2-�� %�'.,"( )�+-�!)#. 	- �!-� (- -( " (,'()#+-�$ (%%'�"!#*(3## *#-

-#*#8#'&�*�$ 7&-"3##. ��. &!%�:-��� %'#*�-�-#. *�)�,( �40)�-( -��/2�,#*� +)�/5 *()-

'#3(  )�'52 %'�#8 �,-52 7&-"3## ( )xf  /5�( -� 5'�9,�--�$. 

�(8��9#* 7&-"3#0 ( )xf    '., ��$��'(   �"'�!)-�!).2 )�+"# ( )kx , ��'(-#+# (.!4 %'# 

6)�* +��-(*# '.,( -�  5:�  )�'���: 

[ ] )()()(''
2
1

)()(')()( )()()()()()( kkkkkk xxxxxfxxxfxfxf −⋅−⋅+−⋅+≈ , 
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�,� ( )xf '  –  �")�' %�' 52 %'�#8 �,-52 7&-"3## f, ( )[ ]xf ''  – *()'#3( ��  )�'52 %'�#8 �,-52.  

�'�,%���9#*, +)� ( )1+kx  – )�+"( 6"!)'�*&*(  7&-"3## ( )xf . ���,(, ,#77�'�-3#'&. %��&-

+�--�� '(8��9�-#� %� x ,   )�+"� ( )1+kx  %��&+(�* 

0)()('')(' )()1()()( =−⋅+ + kkkk xxxfxf . 

�8 %�!��,-���  5'(9�-#. -(2�,#* 

 )(')](''[ )(1)()()1( kkkk xfxfxx ⋅−= −+ . (9) 

������ 2.1.  

� )�+-�!)40 ε = 0,001 -($)# )�+"& *("!#*&*( 7&-"3## xxexf −=)( . 

�'�9,�  !���, �%'�,��#* %�' &0 )(' xf  #  )�'&0 %'�#8 �,-&0 )('' xf  3��� �$ 7&-"3## )(xf : 

( ) ( ) ( ) xxxx exexexfexxf −−−− −=−−−=−= 21)('',1)(' . 

���,( #)�'(3#�--(. 7�'*&�( (9) %'#�/'�)(�)  #,  

( ) ( )
( )( )
( )( )

( )
( )

( )
( )

( )

( ) 2
1

2
1

''
'

1

1
1

−
−+=

−
−−=−= +

+
+

k

k
k

k

k
k

k

k
kk

x
x

x
x

x
x

xf
xf

xx . 

 

� �,�* "'#)�'#$ �!)(-� (  5+#!��-#$ %� 6)�$ 7�'*&�� !��,&01#* �/'(8�*: 

( )
( ) ( )

( )
( )

( )( ) ( )( )
( )( ) ., 1

1
1

1

1
1 εδεδ ≤−=≤−= +

+
+

+

+
+

k

kk
k

k

kk
k

xf
xfxf

f
x

xx
x  

�,� ε – %'�,��4-(.  -� .8"( 8-(+�-#$ x *�9,& %�!��,� ()��4-5*# #)�'(3#.*#. 

� "(+�!) � -(+(�4-��� %'#/�#9�-#.  5/�'�* )�+"& 0)0( =x . ��8&�4)()5 '(!+�)( ! �,�-5   )(/�. 3.  

 

�(/�#3( 3 

��8&�4)()5 *("!#*#8(3## 7&-"3## xxexf −=)(  *�)�,�* �40)�-( 

k 0 1 2 3 4 5 

x(k) 0 0,50000 0,83333 0,97619 0,99945 1,00000 

δ x(k) __ 1,00000 0,40000 0,14634 0,02327 0,00055 

f(x(k)) 0 0,30327 0,36217 0,36777 0,36788 0,36788 

δf(k) __ 1,00000 0,16263 0,01525 0,00029 ≈0 

 

�("#* �/'(8�*, -($,�-( )�+"( *("!#*&*( 3��� �$ 7&-"3## x(max)=1,0. �-(+�-#� 3��� �$ 7&-"3##   6)�$ 

)�+"� '( -� f(max)≈0,36788. 

������ 2.2.  

� )�+-�!)40 ε=0,001 -($)# )�+"& *#-#*&*( 7&-"3## 186189)( 21
2
2

2
1 +⋅+⋅−+⋅= xxxxxf . 
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�'�9,�  !���, �%'�,��#*  �")�' %�' 52 %'�#8 �,-52 )(' xf , # *()'#3&  )�'52 %'�#8 �,-52 [ ])('' xf  3�-

�� �$ 7&-"3## )(xf , ( )("9� �/'()-&0 *()'#3& 1)](''[ −xf : 

[ ] ,
2/10

018/1
)](''[,

20
018

)('',
62

1818
)(' 1

2
2

2

12

2
21

2

2
1

2

2

1

2

1
�
�

�
�
�

�
=�

�

�
�
�

�
=

�
�
�
�

�

�

�
�
�
�

�

�

∂
∂

∂∂
∂

∂∂
∂

∂
∂

=�
�

�
�
�

�

+⋅
−⋅

=

�
�
�
�

�

�

�
�
�
�

�

�

∂
∂
∂
∂

= −xf

x
f

xx
f

xx
f

x
f

xf
x

x

x
f
x
f

xf  

#   �,�* "'#)�'#$ �!)(-� (  5+#!��-#$ %� 7�'*&�� (9): 

( )
( ) ( )

( )
( )

( ) ( )

( )
( )

( ) ( )( ) ( ) ( )( )
( ) ( )( ) .

,
,,

,, 1
2

1
1

21
1

2
1

11
1

2

2
1

21
21

1

1
1

11
1 εδεδεδ ≤

−
=≤

−
=≤

−
= ++

++
+

+

+
+

+

+
+

kk

kkkk
k

k

kk
k

k

kk
k

xxf
xxfxxf

f
x

xx
x

x
xx

x  

� "(+�!) � -(+(�4-��� %'#/�#9�-#.  5/�'�*  �")�' 

�
�

�
�
�

�
=

0
0)0(x  

#  5%��-#* 1-0 #)�'(3#0 %� 7�'*&�� (9): 

�
�

�
�
�

�

−
=�

�

�
�
�

�

+⋅
−⋅

×�
�

�
�
�

�
−�

�

�
�
�

�
=

3
1

602
18018

2/10
018/1

0
0)1(x . 

��%�'4 %'� �'#*,  5%��-�- �# "'#)�'#$ �!)(-� (  5+#!��-#$: 

( )
( ) ( )

( )
( )

( ) ( )

( ) .1
3

03
,1

1
01

1
2

0
2

1
21

21
1

0
1

1
11

1 εδεδ >=
−

−−=
−

=>=−=
−

=
x

xx
x

x
xx

x  

�'#)�'#$ �!)(-� ( -�  5%��-�- -# %� �,-�$ #8 %�'�*�--52, #, !��,� ()��4-�, -��/2�,#*( !��,&01(. #)�'(3#.: 

�
�

�
�
�

�

−
=�

�

�
�
�

�

+−⋅
−⋅

×�
�

�
�
�

�
−�

�

�
�
�

�

−
=

3
1

6)3(2
18118

2/10
018/1

3
1)2(x . 

�( 6)�) '(8 "'#)�'#$ �!)(-� (  5+#!��-#$  5%��-�-: 

( )
( ) ( )

( )
( )

( ) ( )

( ) .0
3

33
,0

1
11

2
2

1
2

2
22

22
1

1
1

2
12

1 εδεδ <=
−

+−=
−

=<=−=
−

=
x

xx
x

x
xx

x  

�("#* �/'(8�*, -($,�-( )�+"( *#-#*&*( 3��� �$ 7&-"3##: 

�
�

�
�
�

�

−
=

3
1(min)x , 

( 8-(+�-#� 3��� �$ 7&-"3##   ,(--�$ )�+"� '( -� 

.018)3(6)1(18)3()1(9)( 22(min)(min) =+−⋅+⋅−−+⋅== xff  

��)�, �40)�-( �/�(,(�) 2�'�:�$ !2�,#*�!)40 # %�8 ��.�) %��&+#)4 '�:�-#� 8( -�-

/��4:�� +#!�� #)�'(3#$ ! %'#�*��*�$ )�+-�!)40 %'# %�#!"� *#-#*&*( " (,'()#+-�$ #�# 

/�#8"�$ " -�$ 7&-"3##. �� %'# *#-#*#8(3## -�" (,'()#+-52 7&-"3#$ 6)�) *�)�, -�  !��,( 

�"(85 (�)!. ,�!)()�+-� 677�")# -5*. �)� ! .8(-� ! )�*, +)� �!�# )�+"( -(+(�4-��� %'#/�#-
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9�-#. -(2�,#)!. ,(��"� �) )�+-��� '�:�-#., )� :(� %� *�)�,& �40)�-( *�9�) �"(8()4!. +'�8-

*�'-� /��4:#*, #  5+#!�#)��4-5$ %'�3�!! /&,�) '(!2�,#)4!.. 

��. &!)'(-�-#. 6)��� -�,�!)()"( *�9�) #!%��48� ()4!. *�,#7#3#'� (--5$ *�)�, �40-

)�-(. � -�* ,�. &�&+:�-#. !2�,#*�!)#   #)�'(3#�--&0 7�'*&�& (9)   �,#)!. "�677#3#�-) 

α(k)≤1: 

)(')](''[ )(1)()()()1( kkkkk xfxfxx ⋅⋅−= −+ α . 

�-(+�-#� α(k)  5/#'(�)!. )(", +)�/5 -( "(9,�* :(�� #)�'(3#�--��� %'�3�!!(  5%��-.��!4 &!-

�� #� 

)()( )()1( kk xfxf ≤+ . 

� %'�!)�$:�* !�&+(� 6)�) "�677#3#�-) *�9-� �%'�,��#)4 %� 7�'*&��  

�,2,1,0,2/1)( == mmkα , 

#8*�-.. 8-(+�-#� m ,� )�2 %�', %�"( -� /&,�)  5%��-�-� 8(,(--�� &!�� #�. 

2.6. �)���� ������#$��* ��)����� �� 2-' %#"�� 

1. �7�'*&�#'&$)� %�!)(-� "& 8(,(+# *()�*()#+�!"��� %'��'(**#'� (-#.. � +�* 8("�0-

+(�)!. '(8�#+#� *�9,& 8(,(+(*# &!�� -�$ # /�8&!�� -�$ �%)#*#8(3##? 

2. � +�* 8("�0+(0)!. �!�/�--�!)# '�:�-#. 8(,(+# *()�*()#+�!"��� %'��'(**#'� (-#. 

! ��'(-#+�-#.*#    #,� '( �-!)  #    #,� -�'( �-!) ? 

3. � +�* !�!)�#) �/1#$ %�,2�, " '�:�-#0 8(,(+ *()�*()#+�!"��� %'��'(**#'� (-#.? 

4. � +�* 8("�0+(�)!. -(8-(+�-#� *�)�,( �(�'(-9(? ��.!-#)� ��� �!-� -5� %���9�-#.. 

5. � "("#2 !�&+(.2 %'#*�-.0)!. +#!��--5� *�)�,5 '�:�-#. 8(,(+ /�8&!�� -�$ �%)#*#-

8(3##? 

6. �7�'*&�#'&$)� �/1#$ %�,2�, " +#!��--�*& '�:�-#0 8(,(+# /�8&!�� -�$ �%)#*#8(-

3##. 

7. �("  5%��-.�)!. +#!��--�� '�:�-#� 8(,(+# /�8&!�� -�$ �%)#*#8(3## *�)�,�* �40-

)�-(? 

8. � +�* 8("�0+(0)!. �!�/�--�!)# !2�,#*�!)# #)�'(3#$ %'# #!%��48� (-## 6)��� *�)�-

,(? �"(9#)� %&)# �� &�&+:�-#.. 
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3. ����
1	�-6�- 7��/6�� 	��	� 1�
�����	� 

3.1. 1������ �����)�#�!�� � ��!�� 

�&!)4 -( �)'�8"� [a,b] 8(,(-5 n+1 �%�'-52 (&8�� 52) )�+�" a=x0<x1<x2<…<xn=b. �&!)4, 

"'�*� )���, 8(,(-5 n+1 ,�$!) #)��4-52 +#!�� yi, i=0,1,…,n, -(%'#*�', "(" 8-(+�-#. -�"�)�'�$ 

7&-"3## f(x)   &8�� 52 )�+"(2 xi, i=0,1,…,n ('#!. 4). ���,( #*��* !��,&01&0 8(,(+& #-)�'%�-

�.3##: -��/2�,#*� -($)# *-���+��- In(x) !)�%�-# -� /��4:� n )("�$, +)� In(xi), i=0,1,…,n. 

 
 ��. 4. � $"� ��"&!� ������ �� �%$"*'1�� 2,�!1�. "��". $�%�����". 
 

�-)�'%��.3#0 %'#*�-.0) ��( -5* �/'(8�* )��,(, "��,( #8 �!)-5 )��4"� ,#!"'�)-5� 

8-(+�-#. 7&-"3## y=f(x), #, +)�/5  5+#!�#)4 ,'&�#� �� 8-(+�-#. *�9,& &8�� 5*# )�+"(*# (#--

)�'%��.3#.) #�# 8( �)'�8"�* &8�� 52 )�+�" [a,b] (6"!)'(%��.3#.), �� %'#/�#9(0) *-���+��-�* 

In(x). 

3.2. / ��2��-#���'�"� �����)�#�!�� 

�'# #!%��48� (-## 6)���  #,( #-)�'%��.3## -( "(9,�* �)'�8"� [xi,xi+1] 7&-"3#. (%%'�"-

!#*#'&�)!. �)'�8"�* %'.*�$ 

( ) xaaxf 10 += . 

���,(, #!2�,. #8 &!�� #. -�'(8'5 -�!)# 7&-"3## f(x)   &8�� 52 )�+"(2, ,�. "(9,��� #8 �)'�8-

"�  [xi,xi+1], %��&+(�* !#!)�*& #8 , &2 &'( -�-#$ 

( ) iii yxaaxf =+= 10 , 

( ) 11101 +++ =+= iii yxaaxf , 
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�)"&,( -(2�,#* 

.,
1

11
10

1

1
1

ii

iiii
ii

ii

ii

xx
yxyx

xaya
xx
yy

a
−

−
=−=

−
−

=
+

++

+

+  

���,( (%%'�"!#*#'&01(. 7&-"3#. f(x)  -( "(9,�* #8 �)'�8"�  [xi,xi+1], i=0,1,…,n–1 �%#!5 (�)-

!. &'( -�-#�* 

( ) ( ) ( )
ii

iiii

xx
yxxyxx

xf
−

−−−
=

+

++

1

11 , 

�,� x∈[xi,xi+1], i=0,1,…,n–1. 

��,�!)()"�* "&!�+-�-�#-�$-�$ #-)�'%��.3## . �.�)!. )�, +)� 2�). !(*( 7&-"3#. f(x) -�-

%'�'5 -(   &8�� 52 )�+"(2, -� �� %�' (. %'�#8 �,-(.   -#2 #!%5)5 (�) '(8'5 5. ��. %'��,�-

��-#. 6)��� -�,�!)()"( #!%��48&�)!. !%�($--#-)�'%��.3#.. 

3.3. �)#"'�-�����)�#�!�� 

�'�#!2�9,�-#� !%�($--#-)�'%��.3## # !(* )�'*#- «!%�($-» ! .85 (0) ! )�2-#+�!"#* 

%'#�*�* +�')�9-#"� . �'# -��/2�,#*�!)# %'� �!)# "'# &0 +�'�8 !�)�+-5$ �'(7#" -( /&*(�� 

-(-�!.) )�+"# (xi,yi), i=0,1,…,n, �"��� "(9,�$ #8 "�)�'52  )5"(0) '.,�* ,'&� ! ,'&��* , � /&-

�( "#, # +�'�8 �/'(8� ( :#$!. «"�'#,�'» %'�%&!"(0) )�-"&0, �#/"&0 # &%'&�&0 !)(�4-&0 

�#-�$"& («!%�($-»). ��'*(, "�)�'&0 %'#-#*(�) 6)( �#-�$"( ( ,��4 -�� # %'� �,#) )'�/&�*&0 

�#-#0), '�:(�) 8(,(+& ��(,"�$ #-)�'%��.3##. ���&+�--(. "'# (. . �.�)!. , (9,5 -�%'�'5 -

-� ,#77�'�-3#'&�*�$ ().�. �� %�' (. #  )�'(. %'�#8 �,-5� -�%'�'5 -5   &8�� 52 )�+"(2). 

���'#. &%'&��!)# �%'�,��.�) 7�'*& y(x), "�)�'&0 %'#-#*(�) «!%�($-» )'�/� (-#�* *#-

-#*&*( 6-�'�## &%'&���� !�!)�.-#., ).�. y(x) �%'�,��.�)!. '�:�-#�*  ('#(3#�--�$ 8(,(+# 

( )
( )[ ] dxxy

b

ay �•

2''min   %'# y(xi)= yi, i=0,1,…,n, �,� y(•) – 7&-"3#. y(x), '(!!*()'# (�*(. 3��#"�* "(" 

)�+"( 7&-"3#�-(�4-��� %'�!)'(-!) (, ( y(x) –   ,(--�* !�&+(� +#!��, . �.01��!. 8-(+�-#�* 

7&-"3##   )�+"� x. 

�('#(3#�--�� #!+#!��-#� ,(�) !��,&01#$ '�8&�4)():  -&)'# #-)�' (��  [xi,xi+1] 7&-"3#. 

y(x) &,� ��) �'.�) &'( -�-#0 �$��'( 044 =dxyd  # &!�� #.* -�%'�'5 -�!)# %�' 52 #  )�'52 

%'�#8 �,-52 7&-"3## y(x)   &8�� 52 )�+"(2 xi, i=0,1,…,n. �8 &'( -�-#. �$��'( !��,&�), +)� 

y(x) . �.�)!. "&/#+�!"#* *-���+��-�*, %'#+�* -( "(9,�* #-)�' (�� #*��)!. ! �$ "&/#+�!"#$ 

*-���+��-, #  !� �-# ��(,"� !�%'.�(0)!. ,'&� ! ,'&��*. 

�("#* �/'(8�*, !%�($- y(x) �%'�,��.�)!. 7�'*&��$ 

( ) [ ] 1,,1,0,,, 1
23 −=∈+++= + nixxxdxcxbxaxy iiiiii � , 
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�,� "�677#3#�-)5 ai, bi, ci, di, i=0,1,…,n–1 (#2 �/1�� +#!�� '( -� 4n) �%'�,��.0)!. #8 !��,&0-

1#2 &!�� #$ (&'( -�-#$): 

– "(9,5$ "&/#+�!"#$ *-���+��- -( "�-3(2 ! ���� #-)�' (�( %'#-#*(�) 8(,(--5� 8-(+�-

-#. yi # yi+1, ).�. 

1,,1,0,23 −=+++= nidxcxbxay iiiiiiii � , 

1,,1,0,1
2

1
3

11 −=+++= ++++ nidxcxbxay iiiiiiii � ; 

–   "(9,�$ &8�� �$ )�+"� !�)"# ("'�*� �'(-#3 �)'�8"() #*��* , ( &!�� #., %'#'( -# (0-

1#� �� 5� # %'( 5� 8-(+�-#. %�' �$ #  )�'�$ %'�#8 �,-52, ).�. 

1,,2,1,2323 2
11

2
1 −=++=++ −−− nicxbxacxbxa iiiiiiiiii � , 

1,,2,1,2626 11 −=+=+ −− nibxabxa iiiiii � ; 

– -( �'(-#3(2 �)'�8"( &8�� 52 )�+�" #*��* �1� , ( &'( -�-#., �)'(9(01#� )'�/� (-#. 

'( �-!) ( -&�0  )�'52 %'�#8 �,-52 !%�($--7&-"3##   )�+"(2 x0 # xn: 

026 000 =+ bxa , 

026 11 =+ −− nnn bxa . 

�("#* �/'(8�*, #*��* !#!)�*& #8 4n �#-�$-52 (���/'(#+�!"#2 &'( -�-#$ �)-�!#)��4-� 

4n -�#8 �!)-52 8-(+�-#$ "�677#3#�-)�  ai, bi, ci, di, i=0,1,…,n–1. �)( ���� *�9�) /5)4 '�:�-

-( �,-#* #8 *�)�,� , '(8'(/�)(--52 ,�. )("��� '�,( !#!)�*. 

3.4. �%#"5��"��� � ��!�� ���)����( (��%�2#���( � ��)�#$���"���( (���-

�" �"�(��$&�* ��"��"��� 

�&!)4   %��!"�!)# xOy 8(,(-5 N+1 )�+�" (xi,yi), i=0,1,…N, %'#+�* xi≠xj %'# i≠j ('#!. 5). 

�&9-� -($)# 7&-"3#0 y=f(x,a0,a1,…,an–1), 8( #!.1&0 �) x # �) %('(*�)'�  a0,a1,…,an–1 (n<N), 

�'(7#" "�)�'�$ "(" *�9-� �&+:� %'#/�#9(�)!. " 8(,(--5* )�+"(*. ����(!-� *�)�,& -(#-

*�-4:#2 " (,'()�  %('(*�)'5 a0,a1,…,an–1  5/#'(0)!. )("#* �/'(8�*, +)�/5  ��#+#-(  

( ) ( )[ ]�
=

−− −=
N

i
ynin yaaaxfaaaQ

0

2
110110 ,,,,,,, ��  

/5�( -(#*�-4:�$. 

�!�# ,�.  ��#+#-5 Q  �!%��48� ()4!. )��'#�$ 6"!)'�*&*� , )� %'# !��) �)!) &01#2 

%'�,%���9�-#.2 � ,#77�'�-3#'&�*�!)# 7&-"3## f %��&+(0)!. !��,&01#� -��/2�,#*5� &!��-

 #. ,�. �%'�,���-#. %('(*�)'�  a0,a1,…,an–1: 

1,,1,0,0 −==
∂
∂

nj
a
Q

j

� . 
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��. 5. � $"� ��"&!� ������ �#*�/�&���' 2,�!1�� �� "�"� ������+��( !&��%� "& 

 

�!�#   "(+�!) � 7&-"3## f  5/'()4 *-���+��- �)-�!#)��4-� x 

( ) �
−

=
− =

1

0
110 ,,,,

n

j

j
jn xaaaaxf � , 

)� !#!)�*( &'( -�-#$ �)-�!#)��4-� %('(*�)'�  a0,a1,…,an–1 8(%#:�)!.   !��,&01�*  #,�: 

1,,1,0,2
0

1

0

−=
�
�
�

�

�
�
�

�


�

�
�
�
�

�
−=

∂
∂

� �
=

−

=

njxyxa
a
Q N

i

j
ii

n

j

j
ij

j

� , 

).�. %��&+(�* !#!)�*& �#-�$-52 &'( -�-#$ �)-�!#)��4-�  %('(*�)'�  aj, j=0,1,…,n–1. 

������ 3.  
�(,(-5 !��,&01#� )'# )�+"#: x0=2, y0=1,5; x1=4, y1=2,5; x2=8, y2=3,5. ���/2�,#*� �%'�,��#)4 %('(*�)'5 �#-

-�$-�$ (%%'�"!#*(3## 8( #!#*�!)#  y = f(x), 8(,(--�$ )'�*. &"(8(--5*# )�+"(*#. 

�)(", %&!)4 #!"�*(. �#-�$-(. (%%'�"!#*(3#. �%#!5 (�)!. 7�'*&��$ ( ) xaaaaxf 1010 ,, += . ���,( 

( ) ( )�
=

−+=
N

i
ii yxaaaaQ

0

2
1010 , , 

�,�, &+#)5 (., +)� +#!�� 8(,(--52 )�+�" '( -� 3, ( #2 -&*�'(3#. -(+#-(�)!. ! 0, N=2. ��#8 �!)-5� 8-(+�-#. a0 # 

a1 *�9-� �%'�,��#)4 #8 !#!)�*5 &'( -�-#$ 

	
	




	
	

�

�

=
∂
∂

=
∂
∂

.0

,0

1

0

a
Q

a
Q

 

�,�!4 ( )�
=

−+⋅=∂∂
N

i
ii yxaaaQ

0
100 2 , ( )[ ]�

=

−+⋅=∂∂
N

i
iii xyxaaaQ

0
101 2 .  

	)!0,( %��&+(�* !��,&01&0 !#!)�*& �#-�$-52 (���/'(#+�!"#2 &'( -�-#$ �)-�!#)��4-� -�#8 �!)-52 a0 # a1:  
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���,(,   �,. �/�8-(+�-#. ( )����
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N

i
ii

N

i
i

N

i
i

N

i
i yxByBxAxAANA

0
2

0
1

0

2
22

0
211211 ,,,,1 , �"�-+(-

)��4-� %��&+(�* 



�
�

=+
=+

.

,

2122021

1112011

BaAaA

BaAaA
 

��,!)( �.. 3#7'5, -(2�,#*, +)� 84842,14842,312 222
22211211 =++==++===+= AAAA , 

415,385,245,12,5,75,35,25,1 21 =⋅+⋅+⋅==++= BB , # )("#* �/'(8�*, ,�. �%'�,���-#. %('(*�)'�  a0 # 

a1 #*��* !��,&01&0 !#!)�*& (���/'(#+�!"#2 &'( -�-#$: 



�
�

=+
=+

,418414

,5,7143

10

10

aa

aa
 

�)"&,( -(2�,#*, +)� a0=1,0, a1=0,3214. 

�("#* �/'(8�*, 8(,(--(. )�+"(*# 8( #!#*�!)4 )(xfy =  %'# %�*�1# *�)�,( -(#*�-4:#2 " (,'()�  (%-

%'�"!#*#'&�)!. �#-�$-�$ 7&-"3#�$ xy 3214,01+= . 

�5+#!�#* %��'�:-�!)# (%%'�"!#*(3##   8(,(--52 )�+"(2 x0, x1 # x2. �)# ,(--5� %'# �,�-5   )(/�. 4. �-(-

+�-#� δi   )(/�. 4  5+#!�.��!4 "("  

iδ = %100
)(

⋅
−

i

ii

y
xfy

. 

�8 %'# �,�--52   )(/�. 4 ,(--52  #,-�, +)�,   ,(--�* !�&+(� %��'�:-�!)# (%%'�"!#*(3## -� %'� 5!#�# 

10%. 
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�(/�#3( 4  

���'�:-�!)# �#-�$-��� !��(9# (-#. 7&-"3## *�)�,�* -(#*�-4:#2 " (,'()�    �'#*�'� 3 

xi
 2 4 8 

yi
 1,5 2,5 3,5 

f(xi)
 1,643 2,286 3,571 

δi 9,533 8,560 7,120 

3.5. �)���� ������#$��* ��)����� � 3-' %#"�� 

1. �7�'*&�#'&$)� %�!)(-� "& 8(,(+# #-)�'%��.3## )(/�#+-� 8(,(--�$ 7&-"3##. 

2. � +�* 8("�0+(�)!. !&)4 "&!�+-�-�#-�$-�$ #-)�'%��.3## )(/�#+-� 8(,(--�$ 7&-"3##? 

3. � +�* 8("�0+(�)!. !&)4 !%�($--#-)�'%��.3## )(/�#+-� 8(,(--�$ 7&-"3##? 

4. �(" %�!)'�#)4 "&/#+�!"#$ !%�($-? 

5. �7�'*&�#'&$)� %�!)(-� "& 8(,(+# -(2�9,�-#. %'#/�#9(01�$ (!��(9# (01�$) 

7&-"3## ,�.  )(/�#+-� 8(,(--�$ 7&-"3##. 

6. � +�* 8("�0+(�)!. !&)4 %'#/�#9�-#. )(/�#+-� 8(,(--�$ 7&-"3## %� *�)�,& -(#-

*�-4:#2 " (,'()� ? 

7. �("#� 7&-"3## *��&) /5)4 #!%��48� (-5   "(+�!) � %'#/�#9(01#2? 

8. �(" -($)# �#-�$-&0 %'#/�#9(01&0 7&-"3#0? 

9. �(" �3�-#)4 "(+�!) � %��&+�--�$ %'#/�#9(01�$ 7&-"3##?  

10. ��* %'#-3#%#(�4-� '(8�#+(0)!. %�!)(-� "# 8(,(+ %'#/�#9�-#. 7&-"3## # �� #-)�'-

%��.3##? 
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4. �, �������� 	1
�������, � ����0
�	� 

4.1. 1������ � )��3#�5����( ��2��#���� �)����#����%� ����%�"#" 

�,�!4 '�+4 %�$,�) �/ �,-�$ #8 !(*52 '(!%'�!)'(-�--52 �%�'(3#$ –  5+#!��-## �%'�,�-

��--��� #-)��'(�( ( )�
b

a
dxxf . �(*5$ �/1#$ %�,2�, " �� '�:�-#0 !�!)�#)   )�*, +)�/5 (%%'�"-

!#*#'� ()4 7&-"3#0 f(x) "("�$-�#/� ,'&��$ 7&-"3#�$ ( )xf~ , ,�. "�)�'�$ #-)��'(�  5+#!�.�)-

!. (-(�#)#+�!"#. ���,( ,�. '�:�-#. 8(,(+# !)'�#* ( )xf~  ! �3�-"�$ %��'�:-�!)# 

( ) ( ) [ ]baxxfxf ,,~ ∈∀≤− ε  

# %��(�(�* %'#/�#9�--� 

( ) ( )�� ≈
b

a

b

a
dxxfdxxf ~  

! �+� #,-�$ �3�-"�$ %��'�:-�!)# (b–a)ε. 

� �,�* -( �)'�8"� [a,b] !�)"& xi, i=0,1,…,N, �,� a=x0<x1<x2<…<xN=b, # )(/�#3& 8-(+�-#$  

fi, i=0,1,…,N. �(!!*�)'#* -�!"��4"� %'�!)52  ('#(-)�  %�!)'��-#. 7&-"3## ( )xf~ , %'# �,.1#2 

" :#'�"� '(!%'�!)'(-�--5* 7�'*&�(*. 

4.2. 7��( #" ��")�!�' 

�&-"3#. ( )xf~  !)'�#)!. "(" "&!�+-�-�#-�$-(. #-)�'%��.3#. 8-(+�-#$  fi, i=0,1,…,N -( 

'( -�*�'-�$ !�)"� ! :(��* ∆x=(b–a)/N. ���,(  

( ) ( ) 
�

�
�
�

� ++∆=
�

�
�
�

� +++++∆=+∆= ���
−

=
−+

−

= 22222
1~ 1

1

0
121

0
1

1

0

N
N

i
i

N
Nii

N

i

b

a

f
f

f
x

f
fff

f
xffxdxxf � . 

��'*&�5 )("��� '�,(  (Σcifi) -(85 (0) *�2(-#+�!"#*# " (,'()&'(*#, ci – "�677#3#�-)(-

*# ( �!(*#) " (,'()&'5, xi – �� &8�(*#. 

��+-�!)4 7�'*&�5 )'(%�3#$ 8( #!#) �) ��(,"�!)# 7&-"3## f. �!�# �-( -( �)'�8"� [a,b] 

#*��) %�' &0 %'�#8 �,-&0, ��'(-#+�--&0 +#!��* P1, )� ( ) ( ) 2~
1 xPxfxf ∆≤− , # %��'�:-�!)4 

7�'*&�5 )'(%�3#$ -� %'� �!2�,#) P1∆x(b–a)/2. �!�# f -( [a,b] #*��)  )�'&0 %'�#8 �,-&0, ��-

'(-#+�--&0 +#!��* P1, )� %��'�:-�!)4 7�'*&�5 #)�'(3#$ -� %'� �!2�,#) P1∆x2(b–a)/2, %�-

!"��4"& ( ) ( ) 2~ 2
1 xPxfxf ∆≤− . 
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4.3. 7��( #" ��()���" 

	-( )("9� !)'�#)!. -( �!-� � '( -�*�'-�$ !�)"#, !�,�'9(1�$, �,-("�, +�)-�� +#!�� #--

)�' (��  2N. �5+#!�.�)!. )(/�#3( 8-(+�-#$ fi, i=0,1,…,N, # 7&-"3#. !)'�#)!. "(" "&!�+-�-

" (,'()#+-(. #-)�'%��.3#., ).�. -( "(9,�$ %('� #-)�' (��  (x2i,x2i+1,x2i+2) %� 8-(+�-#.* f2i, f2i+1, 

f2i+2 !)'�#)!. #-)�'%��.3#�--5$ %��#-�* �(�'(-9(. ��"�)�'5�  5"�(,"# ,(0): 

( ) ( ) 1,,1,0,
3
1~

22122
22

2

−=++∆= ++�
+

Nifffxdxxf iii

x

x

i

i

� . 

�&**#'&. ,�.  i=0,1,…,N–1 %��&+(�*: 

( ) ( ) ( )NNN

N

i
iii

b

a
fffffffxfffxdxxf 212223210

1

0
22122 42424

3
1

4
3
1~ +++++++∆=++∆= −−

−

=
++�� � . 

�!�# 7&-"3#. f -( �)'�8"� [a,b] #*��) )'�)40 %'�#8 �,-&0 ��'(-#+�--&0 +#!��* P3, )� 

( ) ( ) 3~ 3
3 xPxfxf ∆≤−  # %��'�:-�!)4 7�'*&�5 �#*%!�-( -� %'� �!2�,#) ( ) 33

3 abxP −∆ , �,�  

∆x=(b–a)/2N. 

4.4. 	!���" ��2����� 2��#����%� ����%�����"��� 

���'�)#+�!"#� �3�-"# %��'�:-�!)�$ -� �+�-4 %�%&�.'-5 !'�,# %'(")#"� . �!�# )'�/&�)-

!.  5+#!�#)4 #-)��'(� ! %��'�:-�!)40 ε, )� *(�� ")� !-(+(�( �3�-#) )'�)40 %'�#8 �,-&0 

7&-"3## f #  5+#!�#) :(� !�)"# ( )[ ]3
33 Pabx −=∆ ε . ����   )�*, +)� !(*( 6)( �3�-"( 8( 5:�-( 

# 8( 5:�-� 8-(+�-#� "�-!)(-)5 P3. �'�*� )���, !(*�  5+#!��-#� '''f  *�9�) /5)4 %'�/��*(-

)#+-5*, �!�/�--� �!�# 7&-"3#. 8(,(-( -�"�)�'5* !��9-5* �/'(8�*. 

��!)&%(0) #-(+�. �5+#!�.. #-)��'(� ! -�/��4:#* +#!��* &8��  (N=2÷3), %��&+(0) ��� 

8-(+�-#� SN;  5+#!�.. #-)��'(� ! &, ��--5* N, %��&+(0) S2N. �!�# *�,&�4 

( ) εδ ≤−= NNN SSSS 22 , )� 8(,(+& !+#)(0) '�:�--�$, (   %'�)# -�* !�&+(�  5+#!�.0) S4N  # 

).,. �&9-� #*�)4   #,&, +)� ,�. ��(,"#2 7&-"3#$ f +(!)� #-)��'(�  5+#!�.�)!. ,�!)()�+-� 

)�+-� %'# *(��* +#!�� &8�� . 

������ 4.  
�5+#!�#* %'#/�#9�--�, %� 7�'*&�� �#*%!�-(, #-)��'(�  

�=
2

0

dxeS x  

c )�+-�!)40 ε=0,001. �(--5$ #-)��'(� /�'�)!. (-(�#)#+�!"#: 

389056098,6122

0
=−== eeS x . 
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� %'# �,�--�$ -#9� )(/�#3� 4 %'�,!)( ��-5 "��',#-()5 &8��  !�)"# xi, 8-(+�-#. 7&-"3## fi   &8�(2 

i=0,1,…,N # "�677#3#�-)5 " (,'()&' �#*%!�-( ci %'# N=1,2,4. 

 

�(/�#3( 4 

�-(+�-#. "��',#-() (xi, fi), i=0,1,…,N # "�677#3#�-)�  " (,'()&' �#*%!�-( ci    %'#*�'� 4 

��677#3#�-)5 " (,'()&' �#*%!�-( ci xi fi 
N=1 N=2 N=4 

0 1,0000000 1 1 1 
0,25 1,2840254   4 
0,5 1,6487213  4 2 

0,75 2,1170000   4 
1,0 2,7182818 4 2 2 

1,25 3,4903425   4 
1,5 4,4816891  4 2 

1,75 5,7546026   4 
2,0 7,3890561 1 1 1 

 

�� )(/�#3� ���"�  5+#!�.0)!. 8-(+�-#. �
�

�
�
�

�∆= �
=

N

i
iiN fcxS

03
1

: 

( ) 4207278,67,389056112,718281841,0000000100,1
3
1

1 =⋅+⋅+⋅⋅⋅=S ; 

( ) 6,39121027,389056114,481689142,718281821,648721341,000000015,0
3
1

2 =⋅+⋅+⋅+⋅+⋅⋅⋅=S ; 

εδ >=−=
−

= 60,00461846
66,39121017

42072776,666,39121017

2

12
2 S

SS
S ; 

(
) ;3891973,67,389056115,754602644,481689123,49034254

2,718281822,117000041,648721321,284025441,0000000125,0
3
1

4

=⋅+⋅+⋅+⋅+

+⋅+⋅+⋅+⋅+⋅⋅⋅=S
 

εδ <=−=
−

= 315044000,0
3891973,6

66,391210173891973,6

4

24
4 S

SS
S . 

	)-�!#)��4-5� %��'�:-�!)#  ��#+#- S1, S2 # S4 %� �)-�:�-#0 " )�+-�*& 8-(+�-#0 S !�!)( �.0) 0,5, 0,03 # 

0,002 %.  ��+-�!)4 #-)��'#'� (-#., -��/2�,#*(.   #-9�-�'-52 '(!+�)(2, 8( #!#) �) 2('(")�'( %'#��9�-#., -� 

8(+(!)&0  ,(9�  %��'�:-�!)4 0,5 % . �.�)!.  %��-� %'#�*��*�$. 

4.5. ��2��#���� ����%�"#�� � ���3�������(� 

�(!!*�)'#* *�)�,#"&  5+#!��-#. #-)��'(��  ! �!�/�--�!).*# -( %'�!)�* %'#*�'�: 

( )
�
1

0

dx
x
xf

, 

�,� f(x) – %'�#8 ��4-(. ��(,"(. 7&-"3#.. �,�!4 %�,5-)��'(�4-(. 7&-"3#. �/'(1(�)!.   /�!"�-

-�+-�!)4 %'# x = 0, -� #-)��'(� !&1�!) &�). ��%5)"# ��� %'.*���  5+#!��-#. %� 7�'*&�� 
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�#*%!�-( #�# )'(%�3#$ !'(8& 9� %'# �,�) " -�&,(+�: %�' �� 9� !�(�(�*�� f0 �/'(1(�)!.   /�!-

"�-�+-�!)4. 

�)( %'�/��*( '�:(�)!. %'# %�*�1# %'#�*( '��&�.'#8(3## #�# « 5,���-#. �!�/�--�-

!)#». 	- !�!)�#)   )�*, +)� %'�,��5 (�)!. )�9,�!) �--�� %'��/'(8� (-#� 

( ) ( ) ( ) ( )
��� +−=
1

0

1

0

1

0

dx
x
x

dx
x

xxf
dx

x
xf ϕϕ

. 

�&-"3#. ϕ(x)  5/#'(�)!. )(", +)�/5 %�' 5$ #-)��'(�   %'( �$ +(!)#  5'(9�-#. -� !�,�'9(� 

/5 �!�/�--�!)# # %'# -�/��4:�* �/;�*�  5+#!��-#$ ,�!)()�+-� )�+-� �%'�,��.�!., -(%'#-

*�', %� 7�'*&�� �#*%!�-(, (  )�'�$ #-)��'(� !�,�'9(� /5 �!�/�--�!)4, -�  5+#!�.�!. (-(�#-

)#+�!"#. 

� '(!!*()'# (�*�* %'#*�'� 3��4 /&,�) ,�!)#�-&)(, �!�#   "(+�!) � ϕ(x)  8.)4 �)'�8�" 

'(8��9�-#. f(x)   '., ��$��'(   )�+"� �!�/�--�!)#, ).�. x = 0: ( ) ( ) ( ) xffx ⋅+≈ 0'0ϕ . �)� %'# �-

,�) "  5+#!��-#0 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) .0'0
0'0

0'00'0

1

0

1

0

1

0

1

0

1

0

1

0

���

���

++⋅−−=

=⋅++⋅−−=

dxxf
x

dx
fdx

x
xffxf

dx
x

xff
dx

x
xffxf

dx
x
xf

 

�!�#, -(%'#*�', f(x)=cos(x), )�  

( ) ( )
��� +−=
1

0

1

0

1

0

1coscos
x

dx
dx

x
x

dx
x
x

. 

�)�'�� !�(�(�*�� '( -� 2. ��' �� !�(�(�*��  5+#!�#* %� 7�'*&�� �#*%!�-(: !-(+(�( ! :(��* 

∆x=0,5, +)� ,(�) 8-(+�-#� 1,807967, ( 8()�* ! :(��* ∆x=0,25, +)� ,(�) 1,808850. 

�)�'�$ !%�!�/ %'#/�#9�--���  5+#!��-#. #-)��'(��  ! �!�/�--�!).*# 8("�0+(�)!.   

!��,&01�$ 8(*�-� #-)��'(�(: 

( ) ( )
0,

11

0

>≈ �� ε
ε

dx
x
xf

dx
x
xf

. 

�'# ,�!)()�+-� *(��* 8-(+�-## ε �- %'#/�#9(�) -&9-�� 8-(+�-#�. 	,-("� 6)�) !%�!�/ '�:�-

-#. )'�/&�) ��'(8,� /��4:��� +#!�(  5+#!��-#$ %�,5-)��'(�4-�$ 7&-"3## ,�. ,�!)#9�-#. 

�,-�$ # )�$ 9� )�+-�!)#. 

4.6. ��2��#���� ����%�"#�� �� 3�������!�##�� +4�* � ��!�' 

�&!)4 )'�/&�)!.  5+#!�#)4 #-)��'(� 
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( ) ( )�
π

0

sin dxkxxf  

%'# /��4:�* 8-(+�-## k, -(%'#*�' k = 100, �,� f(x) – ��(,"(. 7&-"3#.. �5+#!��-#� 6)��� #-)�-

�'(�( %� !)(-,(')-�$ 7�'*&�� �#*%!�-(, "�-�+-�,  �8*�9-�, -� )'�/&�) !�)"# ! �+�-4 *(�5* 

:(��*: "(9,(.  ��-( ,��9-( /5)4 �%#!(-( -�"�)�'5* +#!��* &8��  !�)"#, (  ��- *-���. 

��.  5+#!��-#. %�,�/-52 #-)��'(��  #!%��48&�)!. !��,&01#$ %'#�*: ��(,"(. 7&-"3#. 

f(x) (%%'�"!#*#'&�)!. -�"�)�'�$ 7&-"3#�$ ( )xf~ , )("�$, +)�/5 #-)��'(� �) ( ) ( )kxxf sin~   5+#!-

�.�!. /5 (-(�#)#+�!"#. ���,( 8(,(+( ! �,#)!. " )�9,�!) �--�*& %'��/'(8� (-#0: 

( ) ( ) ( ) ( ) ( ) ( )[ ] ( )��� −+=
πππ

000

sin~sin~sin dxkxxfxfdxkxxfdxkxxf . 

�)�'�� !�(�(�*�� . �.�)!. *(�5* # �)/'(!5 (�)!.. �(%'#*�', 7&-"3#. f(x) *�9�) /5)4 8(*�-

-�-( �� #-)�'%��.3#�--5* %��#-�*�* ().�. !)�%�--5* %'#/�#9�-#�*).  

4.7. �)���� ������#$��* ��)����� � 4-' %#"�� 

1. � "("#2 !�&+(.2 #!%��48&�)!. +#!��--�� #-)��'#'� (-#�? 

2. �("� ( %�!)(-� "( 8(,(+# +#!��--��� #-)��'#'� (-#.? 

3. �("#� �5 8-(�)� *�)�,5 +#!��--��� #-)��'#'� (-#. 7&-"3#$? 

4. ��.!-#)� �'(7#+�!"&0 #-)�'%'�)(3#0 *�)�,�  )'(%�3#$ # �#*%!�-(. 

5. ��* �)�#+(0)!. *�)�,5 )'(%�3#$ # �#*%!�-( %� %�!)(-� "� # '�(�#8(3## (���'#)*(? 

6. �(" �3�-#)4 %��'�:-�!)4 '�8&�4)()�  +#!��--��� #-)��'#'� (-#.? 

7. �("  # %�+�*&  �#.�) -( )�+-�!)4 +#!��--��� #-)��'#'� (-#.  ��#+#-( :(�( <x? 
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5. �������	� ��77�
��6�
	����. 1
�8��9���	� 
�� ���� 
	8, /�	����, � ��77�
��6��:�, � �
������ 

5.1. ���#����� ��������!����"��� � ��!�' 

�� �%'�,���-#0 %'�#8 �,-(. 7&-"3## f(x) �%'�,��.�)!. !��)-�:�-#�* 

( ) ( ) ( )
x

xfxxf
xf

x ∆
−∆+=

→∆ 0
lim' . 

��'�2�,. 8,�!4 �) /�!"�-�+-� *(�52 " "�-�+-5* '(8-�!).*, %��&+(�* %'#/�#9�--&0 

7�'*&�& ,�. +#!��--��� ,#77�'�-3#'� (-#. 7&-"3## )(xf : 

 ( ) ( ) ( )
x

xfxxf
xf

∆
−∆+≈' . (10) 

�)( 7�'*&�( %�8 ��.�) %'#/�#9�--�  5+#!�#)4 %'�#8 �,-&0 7&-"3## f    �0/�$ )�+"� x  �� 

�/�(!)# �%'�,���-#., 8(,( :#!4 %'�, ('#)��4-� 8-(+�-#�* %'#'(1�-#. x∆ . 

�(*�-( /�!"�-�+-� *(�52 %'#'(1�-#$ ('�&*�-)( x "�-�+-5*# . �.�)!. #!)�+-#"�* %�-

�'�:-�!)�$. ��. �3�-"# #2  ��#+#-5 '(8��9#* 7&-"3#0 f   )�+"� x   '., ��$��'(: 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) =+−∆+++−∆++−∆++=∆+ ��

n
n

xxx
n

xf
xxx

xf
xxx

xf
xfxxf

!!2
''

!1
' 2  

( ) ( ) ( ) ( ) ( )( )
.

!!3
'''

!2
''

!1
' 32

�� +∆++∆+∆+∆+= n
n

x
n

xf
x

xf
x

xf
x

xf
xf  

��'�-�!. f(x)   �� &0 +(!)4 %��&+�--��� '( �-!) ( # '(8,��#  ��� �� &0 # %'( &0 +(!)# -( ∆x, 

  !��) �)!) ## ! 7�'*&��$ (10) %��&+#* !��,&01�� %'#/�#9�--�� '( �-!) � ,�. f’(x): 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )
�� +∆++∆+∆+=

∆
−∆+≈ −12

!!3
'''

!2
''

!1
'

' n
n

x
n

xf
x

xf
x

xfxf
x

xfxxf
xf , 

)� �!)4 

( ) ( ) ( ) �+∆+≈ xxfxfxf ''
2
1

'' . 

�,�!4  !� +��-5, -(+#-(. !�  )�'���, �%'�,��.0) �)�#+#� %'#/�#9�--��� 8-(+�-#. %'�#8 �,-

-�$ �) �� )�+-��� 8-(+�-#.. 	!-� -�$ +��- %��'�:-�!)# ( ) 2'' xxf ∆  %'�%�'3#�-(��- ∆x. ��-

6)�*& �� �'.), +)� 7�'*&�( (10) #*��) %�' 5$ %�'.,�" )�+-�!)# %� ∆x. 

��9-� )("9� %'#/�#9�--�  5+#!�#)4 %'�#8 �,-&0, #!%��48&. !#**�)'#+-&0 '(8-�!)-

-&0 !2�*&: 
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 ( ) ( ) ( )
x

xxfxxf
xf

∆
∆−−∆+≈

2
' . (11) 

��. �3�-"# �� )�+-�!)# "'�*� #!%��48� (--���  5:� '(8��9�-#. 7&-"3## f   )�+"� x   

'., ��$��'( 8(%#:�* �� #-�� %�,�/-�� '(8��9�-#�, #!%��48&. %�' 5� +�)5'� ��� +��-(: 

( ) ( ) ( ) ( ) ( ) ( )
( )( ) ( ) =+−∆−++−∆−+−∆−+=∆− ��

n
n

xxx
n

xf
xxx

xf
xxx

xf
xfxxf

!!2
''

!1
' 2  

( ) ( ) ( ) ( ) ( )( ) ( ) .
!!3

'''
!2

''
!1

' 32
�� +∆−++∆−∆+∆−= n

n

x
n

xf
x

xf
x

xf
x

xf
xf  

�5+). #8 %�' ��� '(8��9�-#.  )�'�� # '(8,��#  %��&+�--��  5'(9�-#� -( 2∆x, %'#,�* " !��-

,&01�*& %'#/�#9�--�*& '( �-!) &: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) −��
�

��

� +∆+∆+∆+
∆

=
∆

∆−−∆+≈ �
32

!3
'''

!2
''

!1
'

2
1

2
' x

xf
x

xf
x

xf
xf

xx
xxfxxf

xf  

( ) ( ) ( ) ( ) ( ) ( )
.

!3
'''

'
!3
'''

!2
''

!1
'

2
1 232

�� +∆+=��
�

��

� +∆−∆+∆−
∆

− x
xf

xfx
xf

x
xf

x
xf

xf
x

 

�("#* �/'(8�*, �!-� -�$ +��- %��'�:-�!)# 7�'*&�5 (11) '( �- ( ) 6''' 2xxf ∆ . ��!"��4"& �- 

%'�%�'3#�-(��- ∆x2, )� �� �'.), +)� 7�'*&�( (11) #*��)  )�'�$ %�'.,�" )�+-�!)# %� ∆x. 

5.2. ���#����� ����%�����"��� �"�"2� /�&� �#� �����( �3���������* 

��������!�"#$��*  �"�����' 

�(!!*�)'#* 8(,(+& ��:# ,�. !#!)�* ,#77�'�-3#(�4-52 &'( -�-#$. �'�/&�)!. -($)#  �"-

)�'-7&-"3#0 ( )tu , &,� ��) �'.01&0 &'( -�-#0 

( ) ( ) Ttuutuf
dt
ud ≤≤== 0,0,, 0 . 

�,�!4 u  – p-*�'-5$  �")�' [ ]Tpuuuu ,,, 21 �= , [ ]Tpffff ,,, 21 �=  – 8(,(--(.  �")�'-7&-"3#. 

)�$ 9� '(8*�'-�!)#, 0u  – 8(,(--(. )�+"( (-(+(�4-5� &!�� #., ,(--5� ��:#).  

��. %'#/�#9�--��� '�:�-#. %�!)( ��--�$ 8(,(+# #!%��48&�* *�)�, !�)�", -(85 (�*5$ 

)("9� *�)�,�* "�-�+-52 '(8-�!)�$, "�)�'5$ . �.�)!. �,-#* #8 -(#/���� �/1#2, 2�). # ,�!)(-

)�+-� )'&,��*"#2, *�)�,�  '�:�-#. ,#77�'�-3#(�4-52 &'( -�-#$. 

�(+-�* ! �!-� -52 �/;�")�  *�)�,( !�)�". �( #-)�' (�� [0,T], -( "�)�'�* #1�)!. '�:�-

-#�,   �,�* %�"'5 (01&0 ��� ,#!"'�)-&0 !�)"& )�+�" 0=t0<t1<t2<…<tn=T, #�# ti, i=0,1,…,n. �(-

,# %'�!)�)5   ,(�4-�$:�* /&,�* #!%��48� ()4 !�)"& ! %�!)�.--5* :(��* τ=T/n; )��,( ti=τ⋅i, 

i=0,1,…,n. 
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�'#/�#9�--� '�:�-#� /&,�* #!"()4    #,� !�)�+-�$ 7&-"3##, ).�.    #,� 7&-"3## ,#!-

"'�)-��� ('�&*�-)( i; �/�8-(+#* �� "(" iu , i=0,1,…,n. �(%�*-#*, +)� "(9,5$ iu  �!)4 p-*�'-5$ 

 �")�'. � !�,�'9()��4-�$ )�+"# 8'�-#. iu  %'#/�#9�--� %'�,!)( �.�) !�/�$ 8-(+�-#� #!"�*�$ 

 �")�'-7&-"3##   &8�� !�)"# ti: ( ) nituu ii ,,1,0, �=≈ . 

��)�+-(. 7&-"3#. iu  -� *�9�) &,� ��) �'.)4 -#"("�*& ,#77�'�-3#(�4-�*& &'( -�-#0, 

# -&9-� %�!)'�#)4 "("#�-)� ,'&�#� &'( -�-#., %�8 ��.01#� �� �%'�,��#)4 )(", +)�/5 �-( /5�( 

%'#/�#9�--5* '�:�-#�* #!2�,-�$ 8(,(+#. �("#� &'( -�-#., -(85 (�*5� '(8-�!)-5*#, !)'�-

.)!. !��,&01#* �/'(8�*:  2�,.1#�   ,#77�'�-3#(�4-5� &'( -�-#. %'�#8 �,-5� 8(*�-.0)!. 

!��) �)!) &01#*# "�-�+-5*# '(8-�!).*#. �)� *�9-� !,��()4 '(8-5*# !%�!�/(*#, # �-# %'#-

 �,.) " '(8-5* &'( -�-#.*. �(%'#*�': 

( )ii
ii tuf

uu
,1 =−+

τ
 – . -(. !2�*( �$��'(, 

( )ii
ii tuf

uu
,1

1
+

+ =−
τ

 – -�. -(. !2�*( �$��'(, 

( )ii
ii tuf

uu
,

2
11 =− −+

τ
 –!2�*( ! 3�-)'(�4-�$ '(8-�!)40. 

��  !�2 !�&+(.2 8-(+�-#. iu  �%'�,��.0)!. %�!��,� ()��4-�, !�� ( -(%'( �. 	!�/�--� 

%'�!)�  5+#!�.0)!. iu  %'# #!%��48� (-## . -�$ !2�*5 �$��'(: 

( ) nitufuu iiii ,,1,0,,1 �=⋅+=+ τ . 

�,�!4 0u , . �.01��!. ,(--5*# ��:#, #8 �!)-�. � %'( �$ +(!)# 6)�$ 7�'*&�5 #!%��48&0)!. 

&9� -($,�--5� 8-(+�-#. iu . 

� !�&+(� -�. -�$ !2�*5 �$��'( !#)&(3#. -�!"��4"� !��9-��. �&!)4 8-(+�-#� iu  &9� -($-

,�-�. ���,( 8-(+�-#� 1+iu  -(2�,#)!. #8 &'( -�-#. 

( )iiii tufuu ,11 ++ ⋅+= τ , 

"�)�'�� . �.�)!. -��#-�$-5* �)-�!#)��4-� -�#8 �!)-��� 1+iu . �'( ,(, 6)� !�(/(. -��#-�$-

-�!)4, %�!"��4"& %�'�, f  !)�#) *(�5$ *-�9#)��4 τ. �-)&#)# -� %�-.)-�, +)� 1+iu  *(�� �)�#-

+(�)!. �) iu , ).�. iu  �!)4 �+�-4 2�'�:�� -(+(�4-�� %'#/�#9�-#� ,�. "("���-�#/� #)�'(3#�--�-

�� *�)�,( �%'�,���-#. 1+iu . 

� !2�*� ! 3�-)'(�4-�$ '(8-�!)40 *5 !)(�"# (�*!. ! 2('(")�'-5* . ��-#�*: 7�'*(�4-5� 

%�'.,"# ,#77�'�-3#(�4-��� # '(8-�!)-��� &'( -�-#$ -� !� %(,(0) (%�, 7�'*(�4-5* %�'.,-

"�* %�-#*(�)!. +#!�� %'�#8 ��4-52 %�!)�.--52   �/1�* '�:�-##, #�#, �!�# &��,-�, +#!�� 

,�%��-#)��4-52 ,(--52, %��-�!)40 �%'�,��.01#2 '�:�-#�). � . -�$ # -�. -�$ !2�*(2 �$��-
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'(, "(" #   ,#77�'�-3#(�4-�* &'( -�-##, ,�!)()�+-� 8(,()4 0u , +)�/5  !� �!)(�4-5� 8-(+�-#. 

nuuu ,,, 21 �  �%'�,��.�#!4 �,-�8-(+-�. � !2�*� ! 3�-)'(�4-�$ '(8-�!)40 !#)&(3#. #-(.: )��4"� 

8(,(  0u # 1u , &,(�)!. �%'�,��#)4 ( )1102 ,2 tufuu ⋅+= τ  # ).,. 

�-(+�-#� 0u  �%'�,��.�)!. %�!)(-� "�$ 8(,(+#, ( 1u  7�'*(�4-� *�9-� 8(,()4 "("#* &��,-

-�. �(")#+�!"#, +)�/5 %��&+#)4 2�'�:#� '�8&�4)()5, 1u  -&9-� 8(,( ()4 ,�!)()�+-� (""&'()-�. 

�(%'#*�', %'#�*��*5* (-� -� �&+:#*) . �.�)!.  5/�' 01 uu = . �&+:� (# %'( #�4-��)  5+#!-

�#)4 1u  %� "("�$-�#/� %'�!)�$ '(8-�!)-�$ !2�*�, -(%'#*�', %� . -�$ !2�*� �$��'(: 

( )0001 , tufuu ⋅+= τ . 

������ 5.  

��:#)4 *�)�,�* �$��'( ,#77�'�-3#(�4-�� &'( -�-#� 2t
dt
du = , [ ]5,0∈t , 3,1

00 ==
=t

uu . 

� ,(--�* !�&+(� 2),( ttuf = . �)( 8(,(+( #*��) (-(�#)#+�!"�� '�:�-#� ( ) cttu += 33 . ��!"��4"& 

0)0( ucu == , )� ( ) 0
3 3 uttu += . 

�(+-�* ! %�!)'��-#. "�-�+-�-'(8-�!)-�$ !�)"#: 00 =t , 5== ntT . �&!)4 10=n . ���,( 

5,0
10

050 =−=−=
n

tTτ ,  ,τ⋅= it ni ,0= . 

�!%��48&�* . -5$ *�)�, �$��'(. ���,( 8-(+�-#. 7&-"3## iu   &8�(2 !�)"# �%'�,��.0)!. &'( -�-#�* 

( ) 2
1 , iiiiii tutufuu ⋅+=⋅+=+ ττ , 

( %��'�:-�!)4  5+#!��-#$ �%'�,��#* %� 7�'*&��  

( )
( ) %100⋅

−
=

i

ii
i tu

utu
uδ . 

��8&�4)()5 '(!+�)( %'# �,�-5   )(/�. 6: 

 

�(/�#3( 6 

��8&�4)()5 '�:�-#. %'#*�'( 5 ! :(��* !�)"# τ = 0,5. 

i  
it  iu  )( itu  ,%iuδ  

0 0,0 1,300 1,300 0,000 
1 0,5 1,425 1,342 6,211 
2 1,0 1,925 1,633 17,857 
3 1,5 3,050 2,425 25,773 
4 2,0 5,050 3,967 27,311 
5 2,5 8,175 6,508 25,608 
6 3,0 12,675 10,300 23,058 
7 3,5 18,800 15,592 20,577 
8 4,0 26,800 22,693 18,409 
9 4,5 36,925 31,675 16,575 

10 5,0 49,425 42,967 15,031 
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��. !'( -�-#. %'# �,�* '�8&�4)()5 '(!+�)(, %��&+�--5� %'# 100=N  # 05,0=τ , ).�. %'# :(�� !�)"#, 

&*�-4:�--�*   10 '(8. ���) �)!) &01#� ,(--5� %�"(8(-5   )(/�. 7 ,�. )�2 9� !(*52 8-(+�-#$ t , +)� #   %'�,5-

,&1�$ )(/�#3�. 

 

�(/�#3(  7 

��8&�4)()5 '�:�-#. %'#*�'( 5 ! :(��* !�)"# τ = 0,05 

i  
it  iu  )( itu  ,%iuδ  

0 0,0 1,300 1,300 0,000 
10 0,5 1,348 1,342 0,481 
20 1,0 1,659 1,633 1,556 
30 1,5 2,482 2,425 2,345 
40 2,0 4,068 3,697 2,542 
50 2,5 6,666 6,508 2,417 
60 3,0 10,526 10,300 2,197 
70 3,5 15,899 15,592 1,974 
80 4,0 23,035 22,633 1,775 
90 4,5 32,183 31,675 1,604 
100 5,0 43,594 42,967 1,459 

 

�-(�#8#'&. ,(--5�, %'# �,�--5�   )(/�. 6 # 7, *�9-� 8("�0+#)4, +)� %'# & ��#+�-## +#!�( :(��  8-(+�-

-#. %��'�:-�!)# δui &*�-4:(0)!.. 

5.3. �)���� ������#$��* ��)����� � 5-' %#"�� 

1. �)� 8-(+#) – '�:#)4 8(,(+& ��:# ,�. 	�� %�' ��� %�'.,"(? 

2. � +�* 8("�0+(�)!. �'(7#+�!"(. #-)�'%'�)(3#. +#!��--��� '�:�-#. 	�� *�)�,�* 

�$��'(? 

3. � +�* 8("�0+(�)!. !&)4 *�)�,( �$��'(? 

4. �("#� !2�*5 '�(�#8(3## *�)�,( �$��'( �5 8-(�)�? � +�* #2 �)�#+#�? 

5. �'#*�-�-#� "("#2 7�'*&� %�8 ��.�) %��&+#)4 8-(+�-#. #!"�*�$ 7&-"3## %� *�)�,& 

�$��'(? 

6. �(" �3�-#)4 %��'�:-�!)4 '�8&�4)()�  +#!��--��� '�:�-#. 	��? 

7. �("  # %�+�*&  �#.�) -( )�+-�!)4 +#!��--��� '�:�-#. 	��  ��#+#-( :(�( h? 
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